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Introduction 



This book is intended as a collection of significant and 
diverse experiences concerning the use of computers in 
mathemaUcs education, at middle and secondary school levels. 

Computers have been regarded for the last ten years as one 
of the most promising factors Uiat can influence education, and 
many projects both within the European Community and 
elsewhere have been carried out to study, their educational 
potential and implications. Quite sophisticated investigations 
have been reported in mathematics education research 
journals and congresses. Many proposals have been put 
forward in teachers' periodicals and meetings. But little is 
Itnovm about what is really happening in the field. What is 
going on in the classrooms? Are there many teachers actually 
using computers? What are they doing? 

The experiences assen.oled in this collection are first of all 
classroom experiences. In this work, we were not interested in 
looking at research conducted In laboratories, usually with 
fairly contrived tasks and very small groups. On the contrary, 
we wanted to know what is happening in the actual scene of the 
teaching/learning process. 
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Some of experiences are based on the collaboration In 
innovative projects of teachers, teacher educators, curriculum 
supervisors, and university researchers. Other experiences, 
however, derive mainly from the initiative of the teachers 
themselves. In all cases we aimed at experiences In which the 
teacher played a clear significant role, expecting that it could 
encourage other teachers to try similar or different experiences 
of their own. 

The book is thus aimed at a large public. It should be of value 
to all practicing teachers Interested In present day educational 
applications of computers. Of course, it should be also of 
interest to inspectors, curriculum supervisors, teacher 
educators, preservlce teachers, etc.. in short, to all those who 
are concerned with the teaching and learning of mathematics. 

Deliberately, the descriptions of the experiences avoid the 
use of a dense technical language and do not attempt to explain 
all the intricacies of the software and hardware used. It is 
expected, however, that the Information given wUl be more than 
sufficient to allow the reader to understand what was 
happening in every case. 

This book was also for us an opportunity to carry out an 
informal survey of the current situation in European countries, 
in which there is a variety of school systems and cunlcular 
orientations (some more sympathetic towards computers than 
others). We hoped that speaking with a good number of 
teachers and seeing classes in operation would help in 
identifying what are the key pros and cons of the different 
approaches and in devising the main lines of the most likely 
future developments. 



The Case Studies 

The case studies presented in this book come out of a 
selection made from a larger number of experiences. We were 
concerned that the selections would have significant currlcular 
Implications. Fortunately that was true in most of the case 
studies and the illustrative interest of the activities and the 
availability of detailed and precise data become the major 
selection criteria. 

The cases were organized in four main groups, three of them 
related to existing curriculum areas and another to new topics 
likely to become important in the future. Within each group 
they are ordered increasingly by the grade level of the students 
Involved. 

The first group of cases deals with experiences on geometry, 
using both educational software and the Ix)go language, in a 
variety of ways, in grades 5 to 10. Reversing a declining trend 
that was apparent since the slxlies. geometry is getting a 
renewal of attention. The graphical capabilities of present day 
microcomputers make them a very suitable medium of work for 
this subject through the creation of specific microworlds. A 
common feature of these case studies is the active involvement 
of the students in problem solving and investigational 
mathematical tasks. 

The first case study refers to a year long experience 
conducted by two middle school mathematics teachers Maria 
Jose Delgado and Helena Bartolo. with their fifth grade 
students. With both PC compatible computers and 8 bit 
machines. Lx^go was successfully used in a quite free and 
unstructured way to explore the geometric concepts of the 
curriculum. 
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Case study 2 relates the work of another middle school 
teacher, Jean Cesar, In France, v/ith seventh grade students. 
Using Logo, he developed a mlcroworld called INTERDIM. to 
study 3-dlmensional geometry, as a natural extension to 
curriculum topics. The students worked In groups, 
constructing Logo procedures to draw and manipulate objects 
in space. 

The next case study refers to an experience carried out in 
cooperation by a a university mathematics educator, Joao FUlpe 
Matos, and a secondary school mathematics teacher, Isabel 
Amorim. Ix)go was used in remedial classrooms to construct 
specific microworlds to support students' investigations. \t is 
particularly significant how these eighth grade students, 
usualy regarded as poor achievers lost for mathematics, got 
involved with enthusiasm and showed a positive attitude 
towards this kind of v^ork. 

Case study 4 describes the work carried out by a secondary 
school mathematics teacher, Adelaide Lister, with mbced ability 
ninth grade classes. In a group of four lessons the students 
were introduced to several educational games meant to develop 
the concepts ol vectoi and translation. The scarcity of 
computers made it necessaiy to find alternative tasks for some 
of the students, who took their turns at the computer, an 
arrangement that has been seen also in other experiences. 
According both to the teacher and the students this was a very 
positive and rewarding activity. 

Another case study describes the work carried out in a 
secondary school in the countryside of Portugal, under the 
leadership of Manuel Saraiva, a university teacher educator. It 
involved two tenth grade classes using a tool constructed in 
Logo for exploring and solving problems in analytic and vector 
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geometry. The tasks were presented to the students in 
worksheets, discussed and worked in groups, and fmaUy object 

of a written report. 

Another group of case studies includes those that have to do 
with arithmetic number concepts, statistics, and probability. 
These experiences explore the possibilities of the computer to 
work with numbers and to simulate random events. 

One case in this group describes the work led by Adrienne 
Ashworth. in England, on the concept of probability, using an 
easy to learn computer spreadsheet with sixth grade students. 
This experience involved all the teachers and students at this 
grade of the school, with the interesting feature that only a 
small number of computers were used in each class. 

Case study 7 concerns a small but quite Interesting and 
easy to use piece of software. Trlnca-Espinhas. an educational 
game available in different kinds of computers. The reported 
experience comes from a curriculum development project. 
MATygg. and was carried with seventh grade students, but the 
program is widely used with middle and secondary school 
mathematics classes. It deals mainly v/ith the concepts of 
number, divisor, and prime. In this case the program was 
intended to develop a better number sense, to stimulate 
problem solving strategies, and to develop capaciUes of group 
work, discussion, and written communication. 

The next case study refers to another experience carried out 
by Adrienne Ashworth and her colleagues, now with a seventh 
grade class. Data handling and statistical concepts were the 
focus of attention in this work, in which a data base was used. 
This activity, which was regarded as highly successful with the 
students, led the teachers to consider a wide range jf ideas for 
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future exploration. 

The third group of case studies includes those that deal with 
one of the most important topics in the traditional secondary 
school mathematics curriculum: the concept of numerical 
function and its graphical representation. 

Case study 9 describes the use of a tutorial program 
specially developed for the teaching of trigonometric fi:nctions, 
carried on in the Netherlands by an interdisciplinary team led 
by H. J. Smid with tenth grade students. This program was 
developed as a specific response to the difficulties felt by the 
teachers in teaching this topic' 

The next case concerns the use of the program VU- 
GRAFIEK, a piece of software specially, designed to study 
functions and graphs and promote an introduction the 
fundamental ideas of calculus. This program, which is rather 
esay to use, was developed by Piet Van Blockland, in the 
Netherlands and is commonly used through high school. The 
experience here reported refers to a tenth grade class, in which 
the use of the program enabled the clarification of some 
common misconcetions and stimulated the students to extend 
the exploration of some of the situations further than their 
teachers' expectations. 

Case study 1 1 describes a full year long experience carried 
out by two Portuguese secondary school mathematics 
teachers, Susana Carreira and Georgina Tome, who worked in 
different schools. They used a spreadsheet supported by 
worksheets as a basic resource to introduce through 
problematic situations most of the el -enth grade mathematics 
curriculum topics, including sequences, limits, algebraic and 
trigonometric functions, and derivatives. 

The last case in this group refers to a series of experiences 



Inlroducllon 



undertaken in several English schools on an initiative of a 
NCET project coordinated by a university mathematics 
educator, Kenneth Ruthven. The pocket calculators used have 
quite sophisticated graphical and programming capabilities, 
making them hard to distinguish in this respect from common 
microcomputers. This sort of technology, by its potentialities, 
price, ease of transportation, and highly personal nature, may 
become very significant in a near future in mathematics 
education. 

Finally, the fourth group includes case studies that deal 
with new topics or new approaches to the mathematics 
curriculum. Two of them refer to modelling and the other report 
experiences combining mathematics and computer science 
concepts. 

One of such cases describes an experience carried under the 
leadership of Elmar Cohors-Fresenborg. within a curriculum 
development project supported by the University of Osnabruck. 
in Germany. It aimed at the introduction of an algorithmic 
approach in the mathematics curriculum and used a 
simulation program for a Register-machine. This activity, 
which went along for the full academic year, constituted a 
sucessful introduction to new topics and ideas, such as the 
notion of function of several variables, appeared to promote a 
better understanding of usual concepts such as proportion, 
percentage and the ability to deal with world problems. 

Another case refers to a full year long experience of 
integrating informatics in the mathemaUcs curriculum done in 
Genoa, Italy, by a secondary school mathematics teacher. 
Ivana Chiarugi. with the cooperation of a university research 
group led by Fulvia Furinghetti. Topics usually presented in 
introductory computer science courses were taught to the 
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Students, as well as notions of operating systems and the use 
of a spreadsheet. The main idea behind this experience was to 
use the notion of function as a unifying concept and to 
introduce the study of algorithms. 

Case study 15 refers to an activity using a special modelling 
language, VU-DYNAMO, within a government project in the 
Netherlands. The students, at eleventh grade, worked for about 
u lessons on modelling activities on the dynamics of systems 
of different kinds, including linear and exponential growth and 
decay, and discussing issues such as stable and unstable 
equilibrium states, 

The final case study presented in this book describes an 
experience carried out in a group of five lessons in Belgium by a 
secondary school mathematics teacher, Gerda Timmermaiis, 
The twelveth grade students who v;ere involved worked in 
groups of two in modelling activities concerning real world 
situations. They used the program MathCad, with special files 
specifically designed for this activity. The main idea was to use 
the program to do the calculations and let the students devote 
most of their time to reason about tne situations and discuss 
the related mathematical concepts. 

Characteristics of the Software 

In these case studies we see in use a mostly uniform kind of 
hardware (PC compatible computers), but in contrast a large 
spectrum of kinds of software. 

Some programs can be classified as belonging to the most 
traditional family of educational software, including 
educational games (cases 4 and 7) and tutorial -practice 
programs (case 9). These programs, when well designed, are 
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not difficult to integrate into the curriculum and may sei-ve 
valuable educational goals. 

However, these programs are often of a limited scope. The 
reported experiences show how this may be overcome, devising 
rich and powerful educational situations. In cases 4 and 9. since 
the students were working in pairs, there naturally emerged a 
dynamic of discussion and reflection. In case 7. the fact that 
students were stimulated to write down and discuss strategies, 
created a highly participative and reflective atmosphere, much 
more involving than what would have been achieved with the 
simple running of the program. As this case shows. In using 
educational software, it is often of prime importance what is 
done before and after its actual use by the students. 

In the case studies is also represented the use of 
programming languages, in a variety of situations. 
Programming activities were arried in Logo (cases 1 and 2). 
Pascal (case 14). and in special program simulating a Register 
machine (case 13). The programming language Logo was also 
used as a support for the elaboration of specific mlcroworids, 
namely geometrical environments (cases 2 and 3) and a 

geometrical tool (case 5) . 

Programming activities have been proposed for a long time 
as deserving a role in the mathematics curriculum, given the 
growing importance of the algorithmic aspects in mathematics. 
This process is just very slowly moving forward. Logo got a 
place in some countries in an early stage of the mathematics 
curriculum, but it is more valued by its geometrical features 
rather than by its programming capabilities. 

Microworlds have also been argued for by a number of 
writers. The proliferation of mlcroworids and the possibility of 
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designing and continuously modifying microworlds to serve 
the students' process of construction of knowledg-:^ seems 
attractive to many creative teachers. However, making 
microworlds certainly requires a lot of work and expertise, if 
they are to work properly. 

General purpose programs, namely spreadsheets and data 
bases, were also used (cases 6, 8, 11 and 14), remarkably with 
quite different grade level students. These kind of programs 
have been extensively used in many countries, namely due to 
the scarcity of alternative software. As these cases show, there 
are places of the curriculum were they naturally fit, although 
requiring in some instances supplementary written support 
materials (and some creativity from the teacher). 

Four of the experiences (cases 5, 10, 15 and 16) suggest the 
potential of a new generation of educational programs w^hich is 
just emerging— the subject oriented flexible tools. MathCad is a 
program with many mathematical functions, being specially 
useful to perform numerical calculations. VU-GRAPHIEK is a 
function graph plotter with a lot of extre capabilities. 
LOGO.GEOMETRIA is a tool to work on classical geometry 
constructions and problems. VU-DYNAMO is a language 
designed to model real world situations. These programs 
combine the subject specificity with the open ended chai'acter of 
the general purpose software tools. Several new programs of 
this kind have been recently announced and have not had yet 
the time to make their way into the classroom. They may be 
expected, however, to play an important role in mathematics 
education in a near future. 
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Iimovation in the Teaching and Learning Process 

The experiences described In this book have different origins 
and nature. Some are mainly driven by research, curriculum 
development and teacher education projects (cases 2. 3. 5. 7, 9, 
10, 12. 13. 14 and 15). Others were carried by initiative of the 
teachers themselves (cases 1. 4. 6. 8. 1 1 and 16). Many of them 
combine aspects of an external intervention with a high degree 
of initiative and responsibility from the teachers involved. 
However, in all the cases we see traces of a quite profitable 
collaboration between teachers and other partners concerned 
with the educational process. 

Some of the experiences have a marked innovative character 
In the teaching methods. Others rely mostly in existing 
objectives and methodologies. All the experiences made strong 
or at least partial use of group work. These were usually small 
groups, with 2 to 3 elements. In which a variable degree of 
autonomy was assigned to the students, 

In some cases, problem solving and exploratory activities 
were the focus of the project. In a few experiences, different 
groups carried different activities at the same time in the same 
class, what proved to be possible but required careful 
management from the teacher. 

In some of the experiences students had to develop their 
skills of searching and interpreting information, both 
regarding the tasks in which they were involved and the actual 
functioning of the computers and the software. The importance 
of registering data and making records of the work done was 
also stressed In a number of cases. These activities were the 
starting point for lively and extended discussions, providing 
the basis for a deeper process of reflection on the concepts and 
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Strategies used. 

One of the most critical aspects concerning the use of 
computers in mathematics education regards the patterns of 
classroom organization. 

Mathematics laboratories are necessary in most cases for 
introducing a large number of students to the use of a single 
program. The free access to computers, in a informatics room 
or a resource centre, is indispensable If they are to be regarded a 
normal working tool. One computer in the classroom may be 
useful for demonstrating a particular idea or method or to 
make a quick test of a conjecture. It may be possible to combine 
several types of organization: (a) computer laboratories, (b) 
classroom, with no computers or just one or two. and (c) open 
spaces such as informatics resource centres. However, most of 
the reported cases used either a computer laboratory or a 
reasonable number of computers. Still very little usage was 
found for the classroom with one single or a very small number 
of computers. 

In all the experiences we see the computer making a positive 
contribution to the teaching/learning process. The teacher 
acquires new roles and modifies the relationship with the 
students. 

These, in turn, tend to become highly involved, develop new 
skills and atUtudes, engage in cooperative work, and become 
more reflective. 

Building up the Cases 

Collecting data for this book was not an easy task. To locate 
teachers using computers in mathematics education in a 
organised way is harder than what it may seem in the first 
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instance. In most cases, the teachers Involved had some general 
concerns, but had not clearly specified educational objectives 
and learning strategies. Quite rarely there were organised 
accounts of students* work and a general evaluation of the 
experience suitable lor communication to a wider audience. 

An effort was made to identify relevant experiences in 
countries urlthln the European Community through contacts 
with ministries of education, Euryclee Centres, universities and 
other institutions with programs on curriculum development, 
research, or training of mathematics teachers, teachers 
participating In international meetings in mathematics 
education and teachers that we knew as actlvite on the field. The 
cases reported were build from those who responded to our 
requests. 

They are described having as much as possible the teacher 
in mind. Most attention is given to the educational objectives, 
the materials used and to the roles of the teachers and the 
students involved. Whenever they are related to research 
projects no detailed information is given on their objectives, 
Instruments and specific results. 

This project was carried out with the financial support of the 
European Community. The collection of data and writing of the 
case studies was carried by the project team, composed by Joao 
Pedro Ponte, Eduardo Veloso and F'ernandc Nunes. General 
advice concerning the selection of cases and the style of the 
reporting was provided by a project steering committee, which 
included Sylvan Courtols, from Belgium, Alan Greenwell, from 
the United Kingdom and Luis Balbuena, from Spain. Alan 
Greenwell was also most helpful in his editorial support. 

There was a concern for including a large variety of uses. 
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exemplifying different educational approaches, illustrating as 
much as possible significant roles of the computer in 
mathematics education. However, time acted as a limiting 
factor. It would have been interesting, for example, to have 
included case studies relating a more straightforward use of 
Logo, programming activities in BASIC, or adventure games. 
We are quite sure that in these and other areas many 
additional interesting experiences may also exist. For some of 
them we even got preliminary data, unfortunately insufficient 
to write an acceptable case study. 

We hope, however, that the cases described in this book 
illustrate what is happening In the most innovative and 
enthusiastic schools. The use of the computer in mathematics 
education is not just something that is advocated from the 
outside. It already has a clear place in the field. And altiiough 
there are many questions still to be answered, and many 
developments yet to come, it seems to be making a definite and 
worthwhile difference for the teachers and the students 
involved. 
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LOGO in the MathemaUcs Classroom 



1. The school 

The activities described in this case study took place in the 
preparatory school (5th and 6th grades) Alnilrantc Gago CouU- 
nho. 

The school is situated in the middle of an area of private 
houses, built fourty years ago in the border of the town of Lisbon. 
Now the town has expanded and the school and the villas are not 
far from the center of Lisbon, but it remains isolated from the busy 
streets by that wall of private villas, inhabited by old people with 
no children. So a large number of pupils come from distant 
quarters where there is an excess of students in the local school. 

The teachers are also relatively old in the school, and the 
renewal of the body of teachers is slow. 

In 1986/87 the school was selected to belong to the national 
project for the integration of new technologies in the Portuguese 
primary, middle and secondary schools (Project Minerva), in 
connecUon with the Higher School of EducaUon of Lisbon. The 
preparation, execution and evaluation of the project resulted from 
the initiative and effort of two teachers of the school, with some su- 
pport from the colleagues and also from the School of Education. 
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In the year 1986/87 these two teachers worked with pupils in 
the informal setting of the Informatics Club. They used LOGO, 
Word Processing and Art Studium (a graphics software). During 
this work, the teachers saw how active and interested pupils 
became when they were faced vAih interesting problems and 
challenges, and were allowed to develop some open acivlties with 
computer and LOGO. This was a major factor in their decision to 
carry on the experience with LOGO In the classroom next year. 

2. Aims 

The main objectives of this experience were the following: 

a) To create in the classroom an environment favourable to 
teaming, where the children feel at ease to express their ideas, to 
acquire an independent capacity for reasoning and to build their 
proper knowledge. 

b) To help the children to gain appropriate habitudes for 
problem solving, such as 

- to select and organize the necessary information and data 

" to clarify the objectives of the work to do or of the problem to 
solve 

- to try different strategies and to choose the most adequate to 
the problem at hand 

- to criticize the solutions and evaluate the outcomes. 

3. Material and Resources used 
3.1 Hardware 

Computers used in these activities were: three Amstrad PC 
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1512 monochromatic und two Tlmex Spectrum. 

3.2 Computer Softwa • 

IBM LOGO and Sinclair LOGO 

3.3 Other materials 

The activities of the pupils were based mainly in worksheets 
prepared by the teachers or adapted from suggestions included in 
a handbook written in Portuguese. 

4. Overview and Curricular Context 

a) This experience consisted in the using of the LOGO language 
in the mathematics classroom during the two and third terms of 
the academic year 1987/88. The first term was used to help create 
good habitudes of group work among the children. 

b) Problem solving was also a main concern, and for the whole 
year 5 to 10 minutes of each lesson has been explicitly dedicated 
to this kind of activity. 

c) Problem solving and LOGO were used sometimes to introduce 
and develop curriculum contents and some other times to expand 
and complement the curriculum. 

d) Three 5th grade classes with 24/25 children and two teachers 
were involved in the project. One teacher had two classes and the 
other had one but the planning and preparation of materials were 
made as a team work. 
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5. Description of activity 

5.1 Teaching and Learning Styles 

a) Children worked in groups of four or five, line groups were 
formed freely by the pupils but some changes have been necessary 
later on. 

b) There was one table for each group la the middle of the room. 
At the back of the room, turned to the wall, there were tables for 
the computers. 

c) In two of the three classes, the teachers were able to join two of 
the four weekly 50 minutes periods allowed for the discipline of 
mathematics For the second and third terms of the year, two 
lessons each week were dedicated to the learning of geometry, with 
the help of the t jmputer and of the LOGO turtle geometry. 

d) During these two hours, children worked in groups of two at the 
computer. There were not enough computers for every pupil, so 
the rest of the children developed parallel activities using other 
materials, like the geoboard. 

c) In the beginning only the four main commands of turtle 
geometry were taught to the children. New commands were 
introduced naturally as soon as they were needed to solve a 
problem or build a procedure. 

5*2 Record of activity 

Follows a selection of activities proposed to the children. They 
correspond to the proposals usually used in LOGO, with children 
of this age level, after a period of open experimentation with the 
main commands of the language. 
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A. 

1) Imagine a procedure that makes the following drawing 




2) Try your procedure. If the drawing is not what you expected, 
change the procedure and try again. 

3) Using the procedure for a equilateral triangle, make a new 
drawing. 

B. 

1) Make a procedure to make a diamond 
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2) Record the measures of the angles you used. 




3) Try to relate the measures of the angles of the diamond. 

4) Using the procedure for the diamond, make a new drawing 
at your own choice. 

C. 

1) Write procedures for making the following figures: 
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2) To make the squares, you used different procedures, each 
one with a different input to the command FD. Using a variable, 
you can make one procedure to draw all the squares. To see how 
this can be done, discuss It with your teacher. 

3) Using the new square procedure with a variable, repeat the 
drawing of the squares. 

4) Write a procedure with a variable to draw equilateral 
triangles. 



1) Imagine procedures to make drawings using the same flgi 
again and again, but with different dimensions. For instance 




E, 

1) Make a procedure to draw figures like the following 




23 



Case Study 1 — LOGO In the Mathemattes Classroom 



6. Conclusions 

The activities with turtle geometiy seem most appropriate for 
this level of scolarity. Children work with entliusiasm, engage 
often in discussions, develop the habitude of advancing argu- 
ments and do not show the passivity that characterizes other so 
called learning situations. 

Computer acUvities with LOGO are weU suited for group work. 
They are also a natural source for problem solving situations and 
for practice on developing and comparing strategies. 

In this grade doesn't seem to exist a large incompatibility 
between the curriculum and this mode of using computers in the 
mamematics classroom. In any case, it must be said that some 
minor contents of the curriculum were not taught and also some 
computational skills were not developed to the level that is 
possible to attain in the normal courses. 
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The Logo Turtle in 3D-Geometry 



1. The School 

Like all the French Colleges the secondaiy school of Jean- 
Jacques Rousseau at Voujeaucourt has students from the 7th 
grade to the 10th grade — 6 to 3 iine according to the 
P>ench system — with age ranging from 12 tol6 years old. 

Voujeaucourt is a village situated in the suburbs of 
Montbeliard. a town famous for a strong automobile industry. 
The pupils' social background is very much marked by this fact 
although there is a mixture of professions among pupils' 
parents. 

The school, which is 17 years old. has about 800 pupils, 
coming from 8 surrounding villages, and 60 teachers. It is a 
comprehensive school with mixed ability classes with the 
average of 24 pupils. The computers are no longer regarded as 
an innovation because they have been used by pupils since 
1986. It was by that year that 6 teachers started to use 
computers in their classes and In different subjects such as 
physics, biology, mathematics, history, geography. French and 
English. Nowadays, the school owns 7 family computers and 9 
Pc compatibles. 
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2. Aims 

2.1. Improve students' skills In spatial geometry. 

2.2. Relate different representations of the same geometri- 
cal object — plane representations, drawings in perspective and 
three dimensional models. 

2.3. To allow pupils to foster curricular stated skills in doing 
geometrical constructions and drawings, and working in 
problem solving. 

2.4. To provide opportunities for a wider range of 
approaches to geometry in space. 

2.5. To give pupils a conceptual connection between plane 
and space geometry. 

3. Material and Resources Used 

3.1. Hardware 

In this experience 4 PC compatible mono-chromatic 
computers with 51 2K RAM were used. 

3.2. Software 

The software used was a 3D Logo turtle named INTEFIDIM 
(programmed on the Logoplus French version). This piece of 
software is a Logo microworld programmed by Jean Cesar who 
teaches at Voujeaucourt secondary school. The turtle, besides 
the common Logo primitives such as FORWAFID. RIGHT, etc, 
enables the drawing of perspective views of 3D objects. To 
perform this task a number of new procedures were added 
allowing rotations about three perpendicular axes. It is also 
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possible to slmialate the change of the position of the observer's 
eye and Its distance from the object. 

The different rotations about the three axes are indicated 
below, along with the corresponding English commands. The 
original commands are based in French. 



3.3. Other Supporting Materialfi 

Various geometric materials were used, including 
polyhedra models, small wooden turtles with the three axes, 
and worksheets, DOrer's windows, a device for perspectival 
drawing, can also be used. 

4. Overview and Curricular Context 

The work with INTERDIM is included in the Logo Espace 
project by the French Ministry of Education. Youth and Sports 
and began in 1986/87. Also included in this project are 
Euclide-Espace — a geometrical tool for space geometry — and 
DSD — a tool for technical drawing. 

Besides mathematics classes. INTERDIM is used in other 
subjects such as art and design. 

Regarding mathematics, this software has been used with 
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students from 12 to 16 years old aiid is now used in five French 
secondary schools spreaded throughout the country. Periodic 
meetings have been held with the teachers involved in this 
project to exchange opinions and review progress. Because the 
materials are used in several grades and by a variety of 
teachers, there are different ways of class organization and 
methodologies. This description reports on the work in four 8th 
grade classes at the secondary school of Voujeaucourt. 

In France and at this level, there are three lessons per week 
as far as mathematics is concerned. A fourth weekly lesson can 
be held if the teacher presents to the school a scheme of work 
that justifies this fourth lesson. It was during this lesson that 
the work with INTERDIM v^as carried out. 

5* Description of Activity 

S.l^Teaching and Learning Styles 

The activities lead to the study of concepts related to 
polyhedra and foster pupils' spatial perception of three 
dimensional objects. In order to achieve this goal, a 
computational tool was used allowing accurate perspective 
representations. 

Although we are focussing on the use of computers and the 
activities performed with them, the whole scheme of work 
would not be significant without other kind of activities using 
paper and pencil and other manipulative materials. The use of 
this specific software has to be viewed as another way to deepen 
pupils' understanding and must be linked to previous activities. 

Most of the time pupils worked in groups of 2 or 3 in a 
classroom with 4 computers and plenty of space for drawing 
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and manipulation. The class had 8 groups but only 4 were 
simultaneously In the same room. The space was necessary 
because of the need to relate and compare what was going 
outside and inside the computer. Pupils showed this need to 
lest and validate their assumptions. 

Individual work, when performing certain tasks, was also 
Important and even homework was used. 

The teacher had two major roles: assign the tasks and help 
pupils, either when s/he was asked or when he felt it was 
pertinent. 

5.2. Recoxd of Activity 

After spending some lessons working with a Logo 2D turtle 
in order to get acquainted with the computer and the basic Logo 
procedures, pupils were asked to make, as homework, a turtle 
with three perpendicular axes and a model of a prism, using 
wood or other material. 



Lesson 1 began with the following worksheet: 

Place your turtle on your prism like it is shown below. 
Write down the Logo commands corresponding to the turtle 
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movements when it goes along the edges of face 1 followed by 
the edges of face 2. 




Obviously, pupils could not ilnd the way to describe the 
shift from face 1 to face 2 using Logo commands, but they did It 
well using their own w^ords. After the pupils were asked to draw 
on paper a perspective representation of the prismatic model 
they had chosen. The task took lesson 2 and in lesson 3 
INTERDIM was introduced along with the basic primitives for 
perspective representation. 

Lesson 4 was devoted for programming the chosen shape 
at the computer along with calculation of area and volume but 
firstly the pupils were asked to draw the faces assembled in 
order to get a plane representation of the surface. It took two 
lessons to end this task. 

While the pupils were programming, the teacher walked 
around the room helping whenever necessary. Although the 
pupils had already the object drawn on paper, some students 
took time to understand the relationship between a 
tridimensional object and its representation on the computer 
screen. 

In lesson 6, pupils were asked to foresee the changes that 
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Will happen on the perspective representation resulting from a 
rotation of the object, and to test their assumptions. For 
example, after the pupUs have taught the turtle to draw a prism 
looking like the one drawn below, they were asked to preview 
how would it look if a roll right - ROLLRJGHT 45 - command 
was given before. 



First computer drawing 

With paper and pencil the pupils tried to sketch the 
perspectival view of the prism after this rotatKjn of 45 degrees, 
marking the former visible face: 




Pupils' drawings 

After they performed this task, the turtle was instructed to 
do the same drawing, allowing the pupils to test the correctness 
of their drawings. 



33 



Case Study 2 — The lofio Turtle in 3D-Geometr>- 



Final computer drawing 

A similar study can be made with other polhyedra such as 
pyramids or tclracubcs. For example, one group tried to 
assemble two tetracubes in order to get a larger cube. 



A 
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The pupils worked also with plane objects they had 
programmed in Lugo such as boats, houses and alphabet 
letters. Boats were given a third dimension in order to have 
perspective representations. This can be seen in the figures 
Ix^low: 




/ 






's 


/ 


J. 




1 T 



6. Conclusions 
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Overall, ptipils were proficient in tisln^ the software basic 
facilities editing*, suvinf? and prinllnjf — and had a good 
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response towards the proposed activities and sometimes they 
even proposed new developments based on the activities. In 
general, they did not complain when they had to make 
corrections or changes, which was a situation that often 
occurred, showing persi:>tence while performing their work. As 
far as programming is concerned, some students showed 
difficulties in writing Logo procedures. 

It seems that for this kind of experiment four is the ideal 
number of groups in the classroom because teachers, working 
within this project in other schools, noticed that group-work 
progressed slowly when six computers were in use. Computer 
malfunction was another ncgaUve aspect that teachers involved 
in the LOGO ESPACE Projecl in other schools reported, 
saying that sometimes the hard\/are proved to be unreliable. 
This was most annoying when there were six or more groups 
in the classroom. 

Regarding Uie development of pupils* reasoning and spaclal 
skills, evaluation tests were carried out with a group of project 
students and a comparison group In December 1986 (pre-tcst) 
and May 1987. The same tests and methodology were repeated 
by February 1988 (prc-tcst) and June 1988. From these 
evaluation tests some conclusions can be drawn, statistically* 
the project group had progressed more than the comparison 
group. The best results, regarding progression, were observed 
in the project students who had worst results in the pre-test 
implying Utai the significant results are among the pupils who 
showed wccJc logical /spacial abilities. 



Case Study 3 

Logo microworlds and Investigative 

Approaches 
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1. The School 

Located in Lisbon, the secondary school D. Pedro Vwas 
founded 20 years ago and has students from the 7th grade to 
the 12th grade. It is a large school with more than 4000 pupils. 
Some of them are adults, about 1500. and follow their courses 
at school during the night, after their everyday work. 

Regarding pupils' social background, there is a wide variety 
covering the whole range. All the classes are mixed ability as 
happens in all Portuguese s^ lools. 

Most of the 260 teachers permanent causing little change 
from one year to another. Both pupils and teachers live near 
the school. 

The use of computers is widespread and began during the 
academic year of 1984/ 1985. Since then, several activities were 
developed using computers in various subjects such as 
mathematics, biology, physics and languages. Mathematics 
teachers played a prominent role in fostering these activities. 
During the last years, various curriculum development projects 
were carried out within mathematics classes. 
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2. Aims 

2.1. To deepen concepts related to perimeter and area. 

2.2. To Increase pupils* skills in mathematical thinking and 
mathematical communication. 

2.3. To increase students appreciation of mathematics. 

2.4. To provide students opportunities to perform 
mathematical investigations. 

2.5. To foster the capacity of students to deal with problem 
solving activities. 

3. Material and Resources used 

3.1. Hardware 

Six computers IBM Pc compatible with 51 2K RAM and 
colour or mono-chromatic monitors. 

3.2. Software 

The Logo programming language has been often used in 
several educational environments. The now famous turtle 
geometry provides the setting for the activities developed within 
this case study. Indeed, turtle geometry is the most popular 
Logo feature. In the version used, the screen is divided in two 
parts: the graphics screen, where a small turtle moves 
according to the instructions which are written in the 
command centre, the lower part of the screen. This is 
illustrated on page 42. 

Some Logo basic instinjclions are briefly described on the 
next page in order to help understanding the procedures used 
In these activities. 
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Box 1 




moves the turtle forward a distance 
of number. 




turns the turtle degrees to the 
right. 




runs the list of instructions 
list-to-run the specified number 
of times. 




if condition is true, list-to-run is 
run. if it is false list-to-run is 
ignored; condition can be the 
result of a logical operation (or, 
and. not). 



A Portuguese Logo version built on Logo Writer 1 .0 was used 
to program a Logo microworld. Far from being complicated, this 
microworld allows the investigation about the relation between 
perimeter and area of rectangles. The first procedure sets a 
fixed value for the perimeter of the rectangles to be drawn: 



toperimetro .1 define a procedure called perimetro 

vMch has an Input value ( 0. 

make "p:l create a variable ( p ) and assign it a 

vakiel II 

pr (se "Ba "Al "Ar) print on the screen the sentence 



Ba Al Ar (stands for base, width and 
area). 

end 

The second procedure, after checking the input b. which 
has to be a positive number, draws a rectangle with the fixed 
perimeter and base equal to the input b. Note that insert list 
prints the list content without moving the cursor to the next 
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line and char 13 stands for a blank space, 
to rect :b 

if or :b = 0 :b < 0 [insert [J can't use this value! Choose a positive 
number.] insert char 13 stop] 

if or :b = :p / 2 :b> :p / 2 [insert [I can't use this value! Choose a 

smaller number.] insert char 13 stop] 

repeat2lfd :p / 2- :brt90fd :b rt 90] 

prise :b :p/ 2- :b :b*(:p/ 2- :b)) 

end 



Ba Al Ar 
60 40 2400 
70 30 2100 














PERIMETRO 200 
RECT 60 
RECT 70 



3.3. Other Supporting Materials 

Within this activity, pupils were given a worksheet. A full 
description is given below, in point 5.2., Record of Activity. 

4. Overview and Curricular Context 

The activities within this case study were part of the I-ogo 
and Mathematics Education Project which began in 1987/88 




Case Study 3 • Logo Mlcrowortds and Investigative Approaches 



and is currently coordinated by Joao Filipe Matos of the 
Department of Education of the University of Lisbon. Its 
activities have been developed in several secondary schools in 
the Lisbon area. Both curricular and extra-curricular activities, 
in grades 7th and 8th. were carried out by several teachers 
v/ithln this project. 

During the academic year of 1989/90 the project was 
extended to the Secondary School D. Pedro V. The activities 
described in this case study took place within an 8th grade 
class and were conducted by Isabel Amorim, a teacher of the 
school permanent staff. In this grade all classes have four fifty 
minutes lessons per week. 

It is important to note that half of the pupils were repeating 
the 8th grade ; in Portugal. If the pupils do not achieve certain 
results it is compulsory to enrol again in the same grade, and 
15 years old was the age average, too high for this grade. 
Mathematics played an important role in this lack of success. 
Most pupils do not appreciate mathematics which is viewed as a 
source of difficulties and a factor in future failures. An extra 
fifth weekly lesson was agreed by the pupils and the teacher. In 
Portugal it is possible to have these extra curricular lessons 
with pupils showing a low level of results. Usually the number of 
students is smaller than in regular lessons. The pupils divided 
in two groups, each one with 10 to 12 pupils, according to their 
own schedule preferences. The first lesson was carried out 
within this context while the second lesson took place in a 
curricular lesson with the whole class. 

Prior to these activities, the pupils' experience in using 
computers was very limited. As far as mathematics is 
concerned, only six pupils had worked with Logo In the former 
academic year and the others have never used a computer 
within mathematics lesfsons. 
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Within this case study, the use of Logo has nothing to do 
with programming techniques. Pupils used the procedures to 
perform the activities and seldom showed the curiosity to look 
at the program listing which was loaded as fools, a facility 
which allows the loading of the program into the computer 
memory without displaying the text on the screen. 

5* Description of activity 

5* I •Teaching and Learning Styles 

Throughout the extra curricular lesson, the students 
worked In groups of two or three at each computer. As stated 
before there were 6 computers In the computer room. The 
results from these activities were discussed during a regular 
lesson in a whole class discussion. 

Students were given the tools In order to Investigate a 
specific situation. They were free to try whatever seemed 
suitable to find the responses. This freedom to explore and the 
need to assess and discuss the consequences of decisions. Is at 
the core of this activity. 

The teacher's role was mainly to help students partlculaa"ly 
when the difficulties were halting the students' progression 
through the Investigation and to provide suggestions, placing 
new questions In order to encourage further investigative 
developments. 

5*2* Record of activity 

After spending four extra curricular lessons to get 
acquainted with basic logo commands and procedures, 
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instructing the turtle to draw regular polygons, at the 
beginning of the lesson, pupils were given the following 
worksheet: 

AREA AND PERIMETER 

The procedure RECT allows you to draw a rectangle with 
given dimensions. For example, if you type PERIMETRO 200, 
the perimeter of the rectangles to be drawn will have the 
constant value of 200. If you type liECT 20. a rectangle with 
base 20 and perimeter 200 will be displayed on the screen as 
well as the values for its linear dimensions and area. 

Using the procedures PERIMETRO and RECT, try the 
following: 

PERIMETRO 200 

RECT 10 

RECT 20 

RECT 30 

Try other values and write down the results on the table: 



. 

PERIMETRO = 200 


BASE 


ALTURA 


Area 


10 






20 






30 






40 






50 






60 






70 






80 






90 
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1 . What do you notice about the area? Can you explain how the 
area changes? 

2. Which are the values for the rectangle giving the maximum 
area? Try with several values for the perimeter and table the 
results. 

3. What are the connections between perimeter and area? 
Write down your own conclusions. 

Students gave different inputs and observed the resulting 
rectangles, comparing the printed values variation and writing 
them on the table and they answered question 1. Only one 
group tried values not listed in the table. 

By means of illustration here are some students' responses: 



HF.hinerRO = 200 


BA&K 


AL.TUftA 




10 




900 


20 






30 






40 


i» c 




50 




T.5 00 


60 


^( 




70 




^1 00 


80 






90 


i 0 


«?P0 



D«5e 


ALTURA 


AKEA 


10 


5 0 




20 


<io 




30 


?o 


'Z { 00 


40 






50 


£ 0 


0 0 


GO 


so 


^ koo 


70 ■ 


30 




00 


10 


U 00 


90 


1 0 





( It is variable according to the base and wUith) 
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A ouvQa i*^ ciuiYJi^^^ <^ ^<i' -S ^evmoo a <l( fYr^■| mui 

r Area values are: width x base. Firstly, area increases from 900 
to 2500 - and then decreases - from 2500 to 900) 



In order to answer question 2.. pupils carried on the 
activities experimenting with values chosen by themselves. 
While some pupils tried several experiments, with different 
perimeter values, without a clear goal, others just made one or 
two trials to prove the assumption suggested in the previous 
question. 







Q. . ^ 








Uo 




Moo, 












zs 






3 O 


z o 


Geo 























i 
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(...when the rectangle is a square) 




(wlten the baseequols the width) 



In answering question 3 the pupils showed some difficulties. 
They felt confused and did not understand exactly what they 
were asked for. Almost every group required the teacher's help 
but most of them managed to wrote down their own 
conclusions: 



A rectangle has maximum area if the base is equal to the 
width* 



Using a Jixed perimeter, the area increases or decreases 
according to the base changes ...area increases until it reaches 
the shape of a square. 

Because is the same perimeter, when the base increases 
the area decreases and after it is the opposite. 

The lesson with the whole class provided opportunities to 
deepen the concepts within the activities as well as a discussion 
about the methodology and how pupils related to it. Group work 
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was an aspect that the students liked most. As one pupU stated: 

"... to give our opinion and discuss it seeing what is best,..., we 
learned to relate our ideas with others." 

WhUe performing the activities, only one group felt the need 
to use decimal numbers. As they claimed in the whole class 
discussion: 

"We have tried with decimals, to see if we got a square... 
Because we did not know when it changes from a rectangle to a 
square." 

The variable was viewed as discrete and. except for the group 
referred to above, all the pupils used integers for the Input 
values. 

6. Conclusions 

Both observations made by the teacher and opinions 
expressed by the pupils provided information concerning these 
activities. 

According to pupils' opinions, there were several reasons 
that kept them Interested to the activities. The use of 
computers, a new technology which is widespread in the real 
world, and the opportunity to do "independent" work, that is, 
they were free to plan and experiment whatever they thought it 
was suitable wiUiout the usual teacher's role at the centre of the 
whole lesson, were evaluated as important features pervading 
the activities. As one student said "... this kind of work is 
appealing even to students who dislike mathematics. Wefmd it 
more interesting and have the will to try harder.". 
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There was. as expected, much Interaction between the 
elements of each group and even between groups and group 
work was another positive aspect the pupils noticed: "to give 
our opinions and be able to discuss them with our partners, to 
see what it is better relating our views with others". 

Pupils were not familiar with group work and with 
investigations of this kind, so In the beginning they showed 
some natural difficulties. One of them had some hesitation 
when choosing perimeter values for subsequent trials. 

The level of enthusiasm, while performing the activities, was 
great. This is clearly stated in the following comment: 
"Although we got the wrong answer we tried again and again, 
because we had the curiosity of discovering.. ". 

It is important to state that the concepts underlying the 
actl\ittL-s - rectangle, square, perimeter, area.... - were not new to 
pupils. These concepts were supposed to have been studied in 
previous years. However, the teacher thinks that these 
acthitlcs fostered (ho pupils' understanding. For example, the 
first conclusion drav/n by one pupil was that "base times width 
is c(]ual to the area of the rectangle". Some pupils were puzzled 
when, following the Instruction RECT 50 (for perimeter 200) a 
square was rawai by the turtle. This led to a discussion about 
squares and rectangles. It was agreed by the pupils that a 
square may be viewed as a special rectangle with four congruent 
sides. 

Overall, it can be said that the students liked these activities 
and showed a positive attitude. There arc clear itidlcations 
(jroviiig this: the enthusiastic way In which pupils worked, 
oilhcr within their groups or during the whole class disrussion. 
the views they expressed and Ihelr wish to keep on doing 
mathematical acllvillcs in similar contexts. This wish was 
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fuinUed Since they performed, throujihoul the year, more 
activities using an Investigative approach. 

UisU but not the least, it Is Important to underline that 
some pupils who were 'lost" for mathematics, worked in a 
pleasant manner and gained an appreciation towards this 
subject. 




Learning Vectors Using Computer Games 



1. The School 

Rooks Heath Hlgli School Is a mixed Comprehensive School 
located In South Harrow, an area in the norUiem suburbs of 
London. 

The origins of the srhool go back to 1812. when It was first 
founded. In 1974 it got the present name and organization. 

The school has about 800 pupils, from the whole social and 
ability range. There is also a mixture concerning religion. 
Although most of the pupils were bom in England, there Is a 
significant percentage - 40 % and rising - of students with 
Asian origins. The pupils arc twelve to sixteen years old 
corresponding to 7th grade to 10th grade. The whole teaching 
staff has near 60 members, mostly young teachers, and the 
Deparlmenl of Mathematics, a compulsory subject within all 
grades, has five teachers. 

During the first two years in school, the curriculum Is the 
• tme for all sludenls. At the end of the second year in school, 
preparation Is made for more specialised areas of study. The 
pupils may choose from a range of optional subjects. Most of 



Case Study 4- Learning Vectors Using Computer Games 



them work towards the General Certificate for Secondary 
Education (GCSE) examinations which are usually taken at the 
end of the last year in school. 

As stated In its Alms and Objectives, the school has 
embarked upon a reappraisal of its curriculum in response to 
developments in modem technology and changing patterns of 
employment. In this document several objectives refer to the 
development of pupils' skills in the handling, interpretation 
and analysis of Information as well as to the use of available 
technological equipment. At the present time, the school has an 
IT (Information Technology) room with ten computers which 
can be used by every class. In addition there are six computers 
In the mathematics department. 

2. Aims 

The activities described in this case study were carried out 
within 9th grade classes and address mathematical concepts 
related to displacement vectors: 

2.1. To understand displacement vectors and their 
representation by column vector. 

2.2. To be able to Idenllfy equivalent vectors. 

2.3. To understand the use of vectors to describe 
translations. 

2.4 To provide pupils training In operations on vectors sucli 
as addition and multipHcation by a scalar. 
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3, Uaterial and Resources Used 
3.1. Hardware 

Four computers were used within the acUvities: three BBC 
and one RM Nimbus. The BBC computers are quite common in 
the United Kingdom. They are not IBM compatible. Nowadays, 
the RM Nimbus is replacing the older BBC s and although they 
are not quite PC compatible they are similar to them in several 
aspects. 

3*2* Software 

Within these activities, the pupils played three educative 
games. Navigation, Treasure Hunt and Race, very easy to use. 
Essentially, the games are alike as they all aim at the same goal 
which is the learning of displacement vectors. In every game, 
the player moves a mark entering the coordinates of a vector. 
The mark will move according to the translation defined by this 
vector. 




TREASURE HUNT 
There Is a treasure 
hidden on the screen. 
You have to find It. The 
distance to the treasure 
is displayed In a 
cold-hot scale. 
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NAVIGATION 
Drive the boat from a to b. 
Be careful and do not hit 
the obstacles. 



RACE 

See If you can beat your 
colleague. Do not cross 
the borders or else you 
will stand at the same 
spot. 



3.3. Other Supporting Materials 

Worksheets, elaborated by the teacher, were used by the 
pupils within these activities. Besides the teacher's own ideas, 
these worksheets included questions drawn from a GCSE exam 
paper (Midland Exam Board) and from a 9th grade textbook 
(SiMP textbook. Cambridge University Press). 

4« Overview and Curricular Context 

Regarding the school, the 8th grade classes arc mixed 
ability v^^llc the 9th grade classes are from two different 
abilities (yrllow or blur), 1 he activities described In this case 
study concern the work done within 9lh grade classes (the 
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Player A: 3 0 
Player B; 3 -31 
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third year in the school) from both abilities and with an average 
of 24 pupils per class. These activities were proposed by 
Adelaide Lister, a teacher in Rooks Heath High School, and are 
currently performed in every 9th grade class. ^ 

Pupils arrive at this grade with some experience of using 
computers in mathematics lessons because the scheme of 
work, followed by every mathematics teacher, includes in the 
8th grade the use of spreadsheets to investigate, for example, 
numerical patterns, and Logo to study the conrepts of ratio 
and proportion. Logo is also used in the 9th grade to deepen 
pupils' concepts related to angles. Computers are used as well 
in the 10th grade. Both the IT room and the computers 
assigned to the teaching of mathematics have been used. 

As stated before, mathematics is a compulsory subject. 
Grade 9 is the first year that has optional subjects, which take 
more than 40 % of the lessons. Vectors are a curricular item for 
this grade and the activities, regarding this case study, took 
place at the beginning of the academic year during three 
lessons of one hour. 



5. D«*cripUon of Activity 

5.1. Teaching and Learning Styles 

The activities lead to the study of concepts related to 
vectors in order to foster pupils understanding on this matter. 

Although only three lessons were dedicated to explore Uiis 
subject, there was a variety of working methods. Pupils worked 
in groups or Individually and sometimes there were 
explanallons by the teacher to the whole class. In this case, the 
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blackboard or a large computer screen were used. Besides the 
three programs described above, the software has an item In 
the inlUal menu allowing the teacher to Introduce column 
vectors. 

The class was separated Into three parts, each one using 
the computers during one lesson on a rotating basis while the 
others were answering the questions on the worksheets. The 
pupils to work with the computers at each lesson were choosen 
at random. At the computers, pupils worked in groups of two, 
and on the worksheets the paper and pencil work was 
performed by the pupils Individually, helping each other as 
several of them were seated at the same table. 

Homework was also a part of the acUvities. At the end of the 
third lesson, a small worksheet was discussed to be solved at 
home. Later, pupils gave the solved worksheets to the teacher 
who. after having corrected them, returned the worksheets to 
the pupUs. 

Overall, the activities aimed at the study of vectors and 
underlying concepts. To convey this goal, pupils were given 
opportunities to work in different ways and with different 
materials allowing them to profit from the possible connecUons 
which can be done between the work on the computers and with 
paper and pencil. 



5.2. Record of Activity 

Lesson 1 began with a short IntroducUon to displacement 
vectors on the blackboard v/ith an example very much like tlie 
question on the next page to appear later on a worksheet. 
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J. Mark a point P. An aircraft travels from P along the vector 
PQ{50 km. bearing 75''). Draw the vector PQ to scale, using 1 
cm to stcmd for 1 0 km. 

Another short introduction, this time to column vectors, 
followed using a large screen and the computer program. After 
the first four groups, of two pupils each, began the work on the 
computers while tlie others started to work on the worksheets. 
The following questions are part of the worksheet which has 
the first question written above 

2. FYom Q the aircraft travels along 9R(40 Km. bearing 20% 
Draw a line at Q pointing NortK measure the angle of20'' 
and draw QR to scale. 

3. Measure the length and bearing of the vector PR. 

4. If the bearing ofABis 70'' calculate the bearing ofBA. 




5, Draw a sketch of a vector CD whose bearing is ISO'' and 
calculate the bearing of DC 

8. Can you Jlnd and explain the mles for working out the 
bearing of BA when you were told AB ? 
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Some pupils' work on these questions are illustrated below: 

\2/(o/qo 

N 



1-3 




ft 



5_ *^lou r<?ven« (K 




I Moo SclfVN? ^Knq 



At the beginning of lesson 2. pupils rotated. The pupils who 
have worked witli the conipi iters In Uie first lesson, started the 
work with the worksheets and another eight pupils moved to 
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the computers while the last third did go on the work with the 
worksheets. 

J. Write down the column vector of each of these,.. 




2. workout [-fj + [_^3j = [ J 

Now draw these vectors and show that your calculated 
resultant vector is correct. 



Although pupils did not explicate their reasoning in 
question 2.. they managed well to answer correctly these 
questions as It is sho\wn in the sample below: 



(CK^ 



[11 



cto) 
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3. ^his map shows a boat trip round an island. The Journey 
starts and Jinishes at A. 

(a) Write down each column vector in the Journey. 

(b) Add all the column vectors together. 

(c) Can you explain why you get your answer? 
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Uke in the previous questions, the only difnculty pupUs felt 
was answering (c). This can be viewed on pupils' work and 
teachers* remarks: 
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At the end of lesson 3. preparaUon for homework was done 
on the blackboard during a whole class discussion. The pupils 
copied into their books the following worksheet (the last part of 
the worksheet was drawn from a GCSE exam paper of 1989): 



E p 

A a B 



ABCD is a parallelogram. 
AP= J-AB.A9= -j-AD 
DE^AP 
^=p,AQ = q 

(a) Write these vectors in terms ofp and/ or q: 
(0 AD, (U) AE. m) AB. (iv) BE. 

(b) Show that BE=^ 2PQ 



, ^ BC=b'a 

regular hexagon — ». 

-i AD = 2(b-a) 

AB = a — 

~ AE = 2b'3a 

AC = b ^ . ^ 

AF=b-2a 




As it is written before, pupils returned the solved 
worksheets to the teacher, and later were given them, with the 
teachers' remarks: o. gi flS = ^+^^ 
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6. Concltuioiu 

Ovrrall. Adelaide LI.hKt Is v« i\ poslllvr Inwards Hie 
(Milcomes of the ucllvltlcs. The pupils showed Interest while 



06 



r ^^-r Slu. tv 4 I f-\mUu\ VrrMr?. V siUp\ Compuf tr (lame* 



|K'i funning Wiviw. 

Reriarclliijti the use of l omputer games, and quollnfj \Uv 
techers' opinion. Ih made the work more fun arul intcrcstln};, 
luuiv lively and worthwhile for the students. The pupils wlio 
be^an (he work with the eoniputers In the first irsson showed 
better results solvintj the v/orksheels than thi» others. I^hey 
weie nmrr (:oiin<ienf, asked less (luestionw and ^i^cA more rlfiht 
answers at the first thne. Often, the pupils who started Ihe 
art Katies answering, the worksheets showed ilie need to review 
the answers after they had lx*rn uslnM ihe computer games. 

The slntjlc Adelaide Lister's erltlelsm is related to these 
eoncluslous: 

"This looutd be more cjfcctivr [f fee fuid more eu/n/nitm,. / 
would prefer to use Uw i omputrr (fanws irltti the puplb^ Jlrsl 
and ojihi then go onto the [vorksherts after" 




Ciise Study 5 

Learning Cartesian and Vector 
Georaeliy willi a Computer Tool 



learning Carlcslan and Vcclor Gcoiiiclry 
\v1lh a Computer Tool 



l.The school 

This work w.is carrlccl oul al siujoI Aiii.ito Lnsltano. a 
M-coiKlaiy school v.ilh aboul l\vi» thousand sHiflciil'; in Castrlo 
HraTico. a luajor lown In a rural area well in Uic countryside of 
Porluj^al. 'I'hifi state supnrlcd 'idinnl. is nut- ol thrcr fxlstinn In 
this town, and rovns 7lli to I2l!i UradL- sltideiils. that is. tlios.- 
tliat nunnally wonUI be IV. i(. IH yrars ultl. However, shu c 
stnrlrnts may bt- rt'(iiilH <l s(un< l!nir"^ l<» repeat an year, it Is nf)t 
lUKomnintJ that Ihi-y arc 19. 2(1. 21. and still attend sprnn(lar>- 

Tiic school oflcrs several eoin-scs oriented towaids 
university, attended l)y the niajnrlly nl the students, such as 
eleelnjiilc s. Inlorniatlcs, art tf design. bnsiru>ss and spurt, iuid 
also niore teelinlcal oriented etnjrses. with lesser attendenre, i'. 
lit lilfi su< li as mechanlr5i. bnsltiess and aUrk ulliire. 

The sclif.ol ii, known by Its t|uite >ounM and liuKaative 
fea'Iier IukIv. It has 142 te.uhers. ni(.sf ol thcui nn the 
perm nt sl.dl. 

The -^-l '' iitb lnu>lv( fl In the experlenee wvtc In two lUtli 
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^radc (Itisses (aijtd lb to 19). One eUtsfj, with 27 students, was 
in (he uiilvorsiiy (rack, laklnj; a spc(Malr/all(»n \u iufonnatlcs. 
Anolhti. wHh H) Httidcnta. was in the tochntcal-oriented 
branch, with concontraUon In aj^rlcnUurc. In both clai^scs, 
roughly, two thirds nf tlic- stndenis lived U\ Castcli» Uranco and 
one third In thr nrl^hlwnrlng villages. Only two stiidrnts, lioth 
on tlu* iMloriiudlcs class, hiid patents with ldfih(*r cdncallon 
(lc^(rccH. 

2. AllTMl 

Ibc inalfH* (^lijcctive s ol this activity \v(^rc \n piontott* in the 
student*-, in their study t)\ Cartesian and Vector GeonieliT: 

a) liic ( finslrnctinn ot thr relevant cnncepts on this topic, 

b) the al>lllly ol ronnnlalln^i afid deallnji with problem 
solvJnt; si! nations, 

c) an understandln^l lor the need aiul utIUt) ol profjfs. 

d) new altitudes and ( oie/efits abt)Ul iiKiflR iualh s and 
alKjUt thch role as stutk nls. and 

d) the abillly lo wuik in >ironp,s. al tluli own paec* 

3. Material and Rcaources Used 
3. 1. Hardware 

This activity used H I^C ty[U' (oinpulers of diFren^nt brands 
l/\iiKstrad. Philips Ihilsys) and 2 prlnlrTS, Six nf the (funpnlers 
b<ul a hard fllr^k All this equipment was available In a slni*le 
computer nnuii. 
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3.2. Software 

LOGO.CiBOMErrRIA \s an open computer tool designed to 
deal with classical Euclidian Georn'jtry constructions. 11 Is 
written In IBM LOGO, find Is tonipo.jcd of several niotlulcs. 
each of whldi apprnprintc for a parMctilar kind of problem. It Is 
possible lo (-"^slrucl points, lhi<-s and other two dlmcnUonal 
fixtures, and to perform oiierallons such as 'calculate the len^^th 
of a line sej^tnenf or lo 'measure an anj^lc' and to 'Indicate If a 
polnl heloniis Jo a line la full description is Riven In Veloso. 

inao). 

The i)rojiram was coinplcmcaited wllh new procedures lo 
cojM- with the content covered In this Jictlvlly. 

When the program Is loaded. It apcars a cooordlnate 
system, with tixes x and y and origin O. At Ihc hollon a blankUi^ 
nnsor and 8 empty lines w..H h>i the inlroducllon of 
cnmmandi,i (sec Uok 1 on the nexl patje). 

3.3. Other Supporting MaterlJiln 

The work d the stiidnits at the computer was based on 
worksiiects. ryplcally. they had souu- structmed quesllnns 
leadlnii to pr(»blem^ I hree examples of worksheet (|nesllons: 

la) fonslrucf :< line r v.itli Ueueral ctnuitUm 

2x - 5y 2CK> 0 

Kind .1 relationship i»f the line slope with the < dordlnales of 
Hs ver Crmsldt r other » asr^ of your rhour. les! your 
< onjeclure. 

lb) ronstrut l Ih'" » brie passlnu lhr(.iH<h points AUOU. tU) 
,mrl lJ{ni«.2(i). and v.Un^- » ( utn is on the Wur v,Hl» erpi illon 
\ V |)ra'.v aiid e.Kfil.tlf^ all ynu b t^ i- done 
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Box 1 

As the sludenl consniu (s p(>lnts. linos, olrrles or vrrtors. those are 
kept in inrmory and drawn on the coordinate system. For example: 

FAZ.fONTO A |4D 50| draws a p<Mnt ai (40.50) 

FAZ.REC i A r |( lOi) A| draw,^ a line jia^sluK 

tliroiJvOi 1-100,30) and A 

I' AZ.V • veet 1 120 GOj draws a vector makinfi axi 120 ^ au^^^le 

with the X LL^Is. with iiifMlule (iO 

FAZ.C r I A 201 dniws a rirrle wllli eeuhr* A 

and radius 20 




Otiirr (niuin inds Ifu tude rauflnin rnnsuurluii^. (operations cind 
Kt niMrlne.d M»n^trnt f ifui^ J-nr r rninpir' 

nii.ACASO (Iraw^ a random trlant:lr 

UISTAM lA (A \\\ j^iw-s fllsLMur l>etween points A mrj B 

IMSSKr ll^t>: J Ip f|| i\w an^le Njs^ rrtur u\ (he 

^lu illiT im^lv Ijiiwtcn lint s p and q 



fr) t:onstriu I n < irrlr passinLl tlHoUf;h pniut AflO/^f)) and 
IM-0.1(>). l.nni' nf tf> the x axis. Aie (lu n- any fdln i c Irt If s 
^ iHslyhni tin- k <|tilM inrnis n| pp,!iIfMn ' Whl' h r»ni'^i' 
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4. Chrerview and Cunicular ConUrt 

Cartesian Geometry Is an Important topic of the 
matheinallcs curriculum In most countries. In PorluMal. Ixislc 
%*ector r()n( ep{s and Cartesian representations are lntro<hiced 
at grades 7 to f). associated with the study of the simplest 
fiuieliouH. Udei uii, In ^rade 10, lines and otiier geometric 
figures are studied uslnji a vec tor approach wlUch includes tlie 
iiollons of base and !sealar product. Conk? sections are studied 
In )Lirade 12. 

There were 2 Inlrothu lf)ry worksheets. Ihey were designed 
to introduce the program f.OGO.OKOMPn HIA and dealt with 
problem solving situations Involving concepts already Mudicfl 
In former grades, such as similar figures Tlie remaining 
worksheets eorieerned new material, directing students' 
exjiloratlous and adivltles. Workslieels 1 to 4 dealt with 
operation wltli vc( tors, bases, sf^alar product and related 
problnn striving .situations. Workslieels r» to K denll with the 
line and the circle and related i)roblems, In many of the 
firnblems, the students were asked (o write dosvu explanations 
(or tlie methods they used. 

This project was conducted as an experiment on ttie 
possibilities of a piece of sohwnre, L00O,GKOMCTRfA as .mi 
envirouuu III to sup|>ort students learning of this topic and to 
develop new attitudes and working hiihm In mathematics. 

It was carried In collaljuratlon l>y ^ne university 
malhematles fxhuator, Mar an I Saraiva. and tw<> secondary 
f^chof»l mathematics (ruchers. Armlntio Ixiureuvo and (Uirlos 
Salvado 1he tnilveisllv researctier provided the original 
proposal ftjr the pn^jrcl and ( onielvcd nH>st tlu^ tlvlfU"^ 
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Thes ^ were afterwards discussed with the teachers and 
modified ac^eordln^ to the Indications got from the development 
of the experienee. 

5. De^crlpUoa of the Activity 

5.1. Teaching and Leanrilng Styles 

In this activity the students, nsinj^ a ^',eonietiy eoniputer 
tool, ivorked from activities and situations proposed given In 
worksliects, formulated conjectures and reflected on their 
strategies. 

livery week, students had a two*hour class In the computer 
room. They had also one-hr>ur classes in their reiiular room (2 
for the agriculture and 3 for the informatk s students). In the 
regular classes ilie teacher explored the work done v/ith the 
computer, doing synthesis, formal l/hig. and jiroposhig 
practise exercises, Sometimes new conccjyts weie presented, to 
be fiu lhci ( vjjiored wUli the eompuU r. 

The Informatics students, v/ho were experienced in uslmj 
the computer, were Inlrnduced to tlie proijrtUii LOGO. GEO 
MBTKIA in 2 classes. The auricuUure students, who had little 
previous contact v;ith the computer needed 3 cluhses. The 
instructions for the use of the program v/ere introduced 
uccordlng to needs of each gtutip. aiul the sfudents were given a 
reference card with the m:iin eoniniaiuls 

Krotii tills point on. [Uv sfuflcn^^ did work tiaf^rd on the H 
rt inaining workshrrlr- ( onKilnluK situations (o explore anrl 
pir,|i|(ins to suhf* Ihrv unc rt^jMlifd to v.ntf wlhit (hey had 
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done, wliy Ihcy done II. and what were the difficulties they had 
met. 

The students worked in groups of 2. 3 or 4 on the computer. 
Usually, one of them was at the keyboard and another was 
taking* notes to fill In the report later. These roles rotated 
frequently, although some students tryed to avoid. If possible, 
the task of report wrltlni^. 

All the classroom activities, with and without computers, 
were conducted by the rejjular teacher, although nnn- and then 
there were some Interventions of the researcher. A few times 
Ihe teacher interrupted the activities to stress particular points 
from which discussion developed. 

In the beginning of the computer classes the teacher 
distributed the software, working disks, and the worksheets. 
The loading of the program was at first made by the teacher 
but. In time, the students {(X)k over thai lusk quite conndcntly. 

The pedagogical seltlng lf>r this work was markedly 
Innovative. It was e,\|jllcllly Inteudctl thai students, through 
the resolution of problems wouUl tiy different ways to solve 
Ihcm. using the graphical capabilities of LOGO.r.KOMlCTRIA. 
The practical nature of the work was expected to develop In 
student'^ a feeling fcr the real content of concepts, so olieu Just 
memorized. 

The clas^.ronm organi/atlon and the requirement of writing 
explanations for tlie methods used, jiroviflcd the sludents wltli 
many opportunities to discuss with colleagues and reflect on 
Ihclr strriteiMes. The |t»^lllicallon of reasoning was meant as a 
iRKiiinIng '>f Ineal (■on< eptual ortianlxatlon. 
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5.2. Record of the Activity 

The two student groups were quite different, not just In 
computer experience, but also in mathematics achievement. 
The agriculture students, were much weaker. In the bcglnnin/^, 
for example, some pf them had problems with some basic 
gcometrlral conceplf^ , 

It Is not surprising (hat while tlie Informatics students 
worked on all the 8 v;orksiiccts. at a rate of about one per class, 
the agriculture students went much slower, and only compled 
the first four. However, In the facility in handling the computer, 
these students progressed very (jiilckly. and in the end of the 
experience they were as handy as the Infonnatlcs students. 

In the situation (a), indicated abovo. some of the groups were 
satisfied with th^- discovery that the slope ts f;lven by the 
quotient of the y- by the x-coordlnatc of the directing vector 
(note that FAZ.R.EQG and iiSC.COORD.V arc eomands of the 
program) : 

"...We constructed line r, as fcqulred. from the general 
equullon tishig FAZ.R.EQG "r |2 -5 200}. Then v/e 
constructed Its directing vector au({ asked lis 
coordinates through ESC. COORD. V, \Vc asked the 
slope of the line, which was 0.4 (a number equal to 
40/100. the coordinates of the direcllng vector Willi 
y/x, that Is. tiie y coordinate divided by tlic x- 
coordlnalc.)'* 

Others, trl'd v/ltli oflier lines and eslalillshed this 
rrlatlonsliip witli basi'-. in mnre cases. Some, used the random 
lln(*s ctJhsfruclor to verify It: 

' lu make sure that Ihli was true for any line v.e 

7H 
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cons.ructed a random line and went In the same way to 
relate the slope with the coordinates of the directing 
vector, and found the same thing." 

One of the groups that answered problem (b) presented the 
following sketch and report: 



" We draw the given points, transformed the reduced 
equation in the general e()uatlon. and draw the line. 
Tlirn. we draw a pcqjcndicular line. b. to the given line, 
passing through B. We got the perpendicular bisector 
of the line segment |ABJ. which we Intersected with the 
given line. From the Intersection ptilnt we found the 
distance to A and B. thus getting the radius. And then 
we draw the required circle and verified that the given 
Ijolnts were on it.' 

Only three groups prrr^cnted Ihelr reports for situation Ir). 
One oriluni got the correct solution but (lie expliuiallon is quite 
emihisluM. lalllng to explain how thry found 11. Anolhei group 
gave a t iear explanallou for a wrong solution. They did not 
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verify it. The third group presented the circle of radius 10 with 
centre at the intersection of the perpendicular bisector to (AB] 
with the line parallel to the y-axls passing through A, which 
satisfies the problem. 

From the work of this group, evolved an interesting whole 
class discussion. The students realised that the conditions of 
the problem represented a simple and very particular case. 
They formulated the more general case, and concluded that 
there was no obvious geometric methods to solve it. However, an 
alternative analylleal strategy was sketched. 

6. ConclixslonB 

Tlie students were quite pleased with this experience, although 
some of them, who were used to work with computers, 
complained about the low resolution of the monitors and the 
slowness of the program. 

The following excerpt Illustrates one student s view about the 
work done: 

"LOGO.GEOMirrRIA is not jujJ 2 hours \n which we 
learn to use the computer In a different way... It is the 
most positive experience in all these years that I have 
been in school. WHiy? The computer should be 
associated to all the disciplines, but since it begun with 
mathematics why not to continue, as we learn 
practising. LOGd.Gt:OMBTHIA ... is not Just new 
mathematical notions but a new notion of 
mathematics... mathematics is not seen as somcLliliig 
with Just one way of going, because In LOGO.GEO- 
MICTKIA we have several ways to solve the problems 
that were given to us. What pleases inc Is to alfeinpt to 
get the solution tlirnugh the easiest way* although 
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sometimes \ fall U..." 

The students become much more confident in their work. 
Even in the regular classroom (without computers) they began 
making more questions than usual. They become stronger in 
defending their own Ideas, their own methods. 

The students got a better idea of the role of error in the 
mathematical activity, of the need to make several attempts 
and rcnect upon them — a very different notion of mathemaUcs 
Indeed. 

The availability of the program LOGO.GEOMETTRIA did not 
reduce the tendency of some of the students to use analytical 
approaches, instead of the geometric ones: they start making 
the computations to find the solution and then verify 
geometrically the result. 

It was interesting to observe that the students do not just 
like easy Uiings. They also enjoyed working in hard problems 
that make them think, cuid commented positively about that. 

The facility with whkli weak students such those of the 
agriculture class were able to learn how to deal with an open 
program as LOGO.GEOMliTRlA gives a strong indication of the 
power of tills kind of programs for a wide range of educational 
situations. 11 also Indicates that the apparent trouble that 
students sometimes appear to have with computers must be 
attributed mainly to lack of a proper introduction and access to 
this medium. 

There were not major difficulties In conducting this 
f'xperienec. Both teachers did not have a strong background of 
dealing with eoinpulcrs. but this was naturally overcome by the 
prc^ent c In each comptilcr session nf the researcher and the 
olher teac her. Their InlciTCMUnns. however, were minimal, and 
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mostly In response to students' requests. 

It Is often assumed that with students of this level, 
especially If they have plans to go to university. It Is very 
difficult to create an Innovative environment, based In 
experimentation and practical work. This experience showed 
students getting quite involved and Interested, and learnlii^j a 
good deal. 
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1. Xhc 6k:ho<)l 

llodfison \U[\U Srliool is a (o i-diit ahi .ii.il. mlxinl itiilllly 
si 'Uiul lor pupils ai 1 I to Hi vcais old toirfspoiitlSii)^ to 
grades (idi to H)lli 

11 Is siliuited In I'oiiHoii Ir- I yldc. LniU'jmliirf. on llu- North- 
\V<-:,t part of Enuiaud. snol lui.d arci wlu rt- the main 
.utIvUtrs arc rrlali-d to iiidutvlry. iiaiiH.lv l(»urKin. and 
atnifiilturo. liir srliool scrvfj lUv nuiall fouiis ol riKimton 
and P(»nIlon-lr I'vldc as well as several siu roiiiidhiik' 

villaM'"* 

TJk- srliiM)! lias 850 pupils In classes with about 30 pupils 
eafb. and riu learhers. The jnajorily oF the pupils, after live 
years. Icavv si-hool to follow courses at folk-iios aiifl many nf 
them ff,n on to Uiiiveisltles or Polytechnics. In 1089. tlu- puplb 
in year 11 achieved results ahove tiadonal averages in the 
General Certlllcate of Scrondar>' Education IGCSE) cxanil- 
nalioiis, 

Parents, nialuly from middle clasy origin. slu»vv a great deal 
n\ InftTCHl atid Involvement in t,ch(K»l uctlvMies. 

C:()niputtMs are used wUhIn .several sid>|ecls. Within 



inathcruafks, theie art- 4 cainpultT.H assljk*ric(l to tht- 
|)ai finrul arifl \l\v\r usr Is an Inttinal pari of tlH' ( UTTi( iilurn. 
II HctMiis that, as far ivj mniUvnuMlrs Is t fuircmrd. thrrr Is a lot 
of work ^oUm OM, 'l\w hviu\ of iUv rnalhrriiallc s clrparlrurnf 
madf* a shifly vl the softwair ava.Ilabk' lo rrlatr suitable 
proMiaiuij lo parlirular luathematiral loplrs. Thr ur.r of 
coinputrrs In ninthrmarlc s Irsso!^^ ts ( urr^iH |)itU tltt\ 

2, Aijiis 

I)(*rpcii poplls' nrulci larailn^ (»f the use rif ( onipatt i s hv 
rrla(liij4 It la prf»hapillty and data analyst'^. 'Hu- mrtliod of 
approkiifh will 

2. 1. ( ollecHoii al dal i. 

2.2. Revision ot lally anfl l)ar charts, Ircquciuy U\\>lv^ aiu) 
dla^^ranis 

2Au Makf ami te:»t pu dk linns. 

2.4. lintlusland likely, nullkrly. (rHatn. lniposslhU\ fair, 
onfall , cvrns. 

2.5. l>iuUibLllly nfO. I. 1/2, 

2 G. Llsllni* possltilc fjtilcninrr. 
2.7. Simple prob<il>llltv. 
2.H. Use of spiead!>heet. 

3. ftlAtexLal ajucl Hcmutcm Used 
3,1, llvdware 

ThK experience used 3 1<!^M Nimbus eonipoferi-i io a nonnal 
elas.^irnnni AbluMivJi nnr pif.flly. (be ;(^ ( ninptifer:; are similar \n 
the Vi' ennipalllilt^::;. 



3.2. Softwiire 

1hr sprraflshrrt (iKASSIIOPPKU was used lu lUv Irssoi'is 
(lcvs( nlxfl III thiH v;\Hv stiulv. 

There arc a variety (»t siueuilslifetq (dnimen hilly avallnbl(\ 
Ihrsr are falrlv -Jiullar r.tt > pi i;rMphle uu llltlr!;. 

Spiea(Is}ie(^ts have l)eeii designed to haruJh- lai>ir sets ul 
iitinih( rs thai need |/i hr- nrf;anl/^fl anrl wiMi wlileli eah nlaHonn 
( an be drme. Rver\' spreaflsl»eel Is a matrix ol relln. rarh cell 
n iniefl alier the ( or ^e^)J^iII(hlu; ( (ihnnii and Ihn' hi Ihese ( ell ^ 
data - M lexr, a nniatH r iw a Ifunuilii - ( cui 1*^' eaM icd Uslni! Ihc 
luimula lae llHy. the enidenl ot a (ell (an be aultmiatUlv 
leeaU !!lated when llu (unn•u(^ fillur t rll:; are (hanj.ied. 

(iRA^-»!^iilOl^Pbl< \'> an ea >y In nse spieadshecl lliat ia*>\ lde . 
a variety ut toniputlKti and >^rap!Unf*. Jaelllflrs. Inehidln^ the 
diawhiJ^, ol he<pKnrv rraph '.. v/hlf h prctved Iti be iinpojlant in 
(his ettse. 

3.3, Othf r Suvpt)rtbiiJ Miiteiia]^ 

Dllfeient materials v;ere iisrd in the ( hi ;-.i<uini experienees. 
Iiit kullnt an n isnrfiaeril ol dU ecilf»nred t nbes and |)aeks ol 
< ;a (ls 

4» Overview and Cur»rlcular Content 

All tht ainr- in lu attalni'd ate wllliln the linullslt 
niadiemall' < ntrit tihun far tiie 7th ^ladc. 

The fa heme nl v/'vik v;a ^ <au!4if ^led b*y Adie nne Asl^wnrrh. 
Ih ' hrad (d die nrdheniaM'. s df partnieni, anrl all the 



iMfillK'inafK ^ lea4lK'i*i ri^wvi] run Oh* cutiviru s iw th* H 
cl/isscs lu UlO a iv»lx('(l aMIUy schnol 5:ni<lrnts from M] /UiIIHIch 

aiUvUlch 2 pariillt'l uuMips ul |)n|ills, t at h diii' uilh a lil^h, 
<i Inw, aiiM <t inl<MI^ al»IIHv ( 

A srh<H*l /nsrr day {tra()irr fralnln^j \va> (If witrd tfi ffil'^ 
Mail! f(»! iill ftiatlM'tualh ^ at i 

It w.i^ su^!>ii\Hl'/<l r» (iHiiMf h lOii-, vv(ailil hr \\(* i\v(\ lo ( over 
tills . 

IIm' |ilan HkiI v/a^ h»Utt,Vr <l I - t xplalu d In It»v/, alfh'>i^'Ji 
SfiliK asprM * (»f (It'taH alnl WUiv infiU'fl V.illrd Iroiii rlas^ \i) 
i 1.1*^ i. 

6. Df^tripUun of AtUvlty 

(i. Ir Tf aching atni I^iurnliig Styles 

IIh' vvI -lie falUMiu .HrM"- Im ->tnt|y Mir nnicrpr^. rclatrd !*i 
probability. Ilie HiHrrUr.n nl »Ki(a hom pLullial (Apvi iiiKhf s, 
lis t;ri:;aiil/antiij auJ icpi Mtalljii li^Uikj toiisjuit* r werr tbr 
j^|ul(lrllii»'s U,i l\iv arllUMrs. TbK allovvr^l )iunv Hmr lor 
(llscns'^ann atui tn draw ( faichi.'Uf in'» 

The b>ss of a dU* or stuiir otlur SMKalilc arUvlly lasinj^ 
^iplnncrs or t oinitrrs jK ovldcd Ihr f fuirt t* of i! jt.^ v/hlf li \va^ 
<nlln trd and rcpro a nt^d by tbr pupM!>. in rliarts and lafjlr^^. as 
as niaktnjLl and t('sfin.L; pnjdirUons. and Ik^Unji posslbh/ 

Wben pt'rr»itatn^ (be o\pi rSm^ ids and cidulnu dafa Ififo 
Ibe ( fimiJidrr*' . ptiplls urrr- or^tfUil/rd In jtroilp^ and Ibf Uaf In r 
walkr'fl aionnc! tUr ( fa 'fmnni li' Iphu! wbcir n' t rs'nuv. A brb f 
cxplanaUfai of ibe uoiklncs of Ibt ^^prrMd^.bK l was ijivcn Ifu; 
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wlKili I labb, Ihc lliHl moui> l»irn «-iitt n-<l •hi ll «.l;tt;i urnli r hUh I 
suiK'i vision. I iH'v ill liirii • uiH-i-\ls< fl the next «r(nip aiul m. on. 

-Hh' unvUvt tok' was ah.u to IiiUchIiu c qiu .lions for finlhrr 
iiiialysis iuul make .su^rstioiiH about rlic dat i orManl/alion. In 
a scion I ph.isi', and alKT (he cnnipntn pn.vKWd the sniuiinfJ 
flatn lor wliulc clasH. the t IasK prrlormrd as u t'roup disv us.sin^ 
flif onlronics, (Jiu c ulmJii lln' lu i In' >"ird qiK :*tions f(»r 
vdiolc ( lass or i^rotip dlsmssion aciliiM >'s a ( rHudln-ilor. 

I'npllf. vvioli- dov/n Uitli results individually, drawinc 
t'.raphs wlic rc ju i<-.Naiv, a'^ as uslnj'. tin- l oinpntcr for 
Inidicr analvsi-,. 

Record of Afitivity 

In lc;>stjn 1 soini.- lopli s acic revlt wrd. Slndt nls disinsstd 
and rtt all'.<l Im^Ic probability ron(t|jl;.. 

Ill Itssons 2 and '.Onh-nti, worked in ^iriMips ol tliirc. 
ilirre ucrr Mnt-t- f.xpci iinciil^^ rnnntnj'. '.anndlancoi' ly 'm 
thirimi rourtn ri l;ihU-< los^liu! a die (or two di(«*) ^nid 
n'dji-dlni; tiir s(.{'io. scUctiiiK one l olnnit d ( nhc fi ^n a bail and 
rrplarln^ It (Iht- JmU < <>nf dncd H) pink, l bint.' and 2 yi llow 
roii^nu'id Milirs ), rtilflnti a pack ot cards lotordin^ wbofbiT 
a.pi( I'lrt- or munltrrcd rard. I'npils wore not t<»ld wb.il was 
Insiile tlir l»ai:s rontalnlm: tbc (dlotiicd ( nbcs "li, order ol 
rolunrs listed in Ibt ir d.arts wa'^ nllcn dlllen tit trom llir ordrr 
lE .t'. d tlic sprradsbrr». Tlilt> o< •. aslonally Ud to data b-lni; 
as( rUicd lo ihr ',\in\W, n.linnn on tfio sprr-ub^hrrt. If Hits Mail 
rrmaini-d iiiidtlrcUd lh»- t las^ Ktlals may Imvc hv n Isi ''n .-.r. 
Not ;dl Ihr f.rptriiiif.Mit': Urik \hr :-wmr U-nulli of timt'. Ttils laf ♦ 
n qiilrcd carrbdlv a!ff iifloii Eti (>rdrr to li.itinunl/r the 
din c'lojuii' nt of ttic fxpi.Tiint.'nli-. 




(O'^s oi a hluHtd (ill Is auolliiM jhishIIiI*' ^\m^v*s\\{^u U%\ 
lurther daUi ((ilkcUon, Tlirsi- dic e would liad a voUx stut k on 
0!U* la( ('s. (r(au llu- Inslrlc 

An lnIni(Iii( Unii was ukuU'. (^xplaliiliiH th(* oxprrlfunits and 
ivadiidliit* Hic pupils they slujuld vv)it(* np llaHr work. 
Snnu^ r|uesllons rr ladny tfi w)iat (In v UifMujIil would hajipcii 

v pusrd riK (lUf aillMjLi stndrnts In have an InvcsUK^^tlve 
appiOtU h In (he siifijrrt. 

Eac h ^juup wal ked diioiij^h llu'si' Ihrec rxpi riniriilH In a 
r v( lr. Hach cxpninirnt was pertormed IKty lluies tiy eac h ^noup 
iiMfl the le'iulhj were recorded In tlie 5;tudcnts e>:crc^se liooks. 

The follcminy two fl>iurr*5 5^hnw (wo types ot ( harts rnarlr l>v 
Hochelle Ptadler for die rerordln/i {\\ I he experiments at her 

UiOUp 
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Ci^ SiihIv f.Ajrf firi.fiiUni; *Uh I'lobubkluy 
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I^drr Ihcv krycd lit tlirlr iMnlts at the coniputcr assl^iiKcl 
tij thai particular cxpcTlincnt. rctiimrd to thrir plat es bcforr 
j^oin^ ojiln a srroncl and subso{|uenlly third cxperlnieiil. 
c;fa):ricqiu'ntly. all pupils had dnrjc thr dirtr experiments and 
the spreadsheets euahHir'd Ihe luunber c»f groups times ftftv 
f xprrlmenfal rr^idts. NJeanv/hile, the teacher Wiilkcd around 
(Ur < las .if/oni helping; v/here ne( esr.ary. 

I'herc were three coinptUers avalln)>l^* r)ne IVir each 
c viKMlin' nt. leueJu'ry had se; up spreadshr els in order lo ease 
studenis work Jivoldlnti extra eraiijuder laantpulallon IhlL^ 
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detail laii U* higialiLunl In club^csi vvIk ic MliuU*iilh i!u luil liuvv 
ii*xp(H'len(*<* (if woi'kliiR with roiiiput(Ts. 

by the nul ot lesson a, spieadsliceLs Iru ludlnji bar charts 
were saved and printed In order to provide all students with 
whole class data. 
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In lesson 4 cu h pujjil was askeci lo write lip one rxiicrlniciU, 
bill cnsiuin^^J thai wKhln the )Ljt'»'i|> all 3 I'xpfi'lmeiits were 
rrcorfleri. This was a Urnr lor ^roiip cllstiissloii where pupils 



f)2 



C.is*" Siiuly — F;.'iiji''tuii/ iiiUvjj Willi I'nib.it.iitliv 



helped one uiiothci . i iyv roUowlut" sujiiiciilloiij. wt-ic olleicii: 
Tllk! 

Alin/JnUodiittloii 

KicquriK y tablt- ol Own j«r()Up's data 

Bar chart of own group's data 

('f)input('r print out (spreudshecli* tuid bar chfjrJK) 

Sliulciits were then asked to conipiut'. coninirnl o!i and 
(PAplaln the dincrrnccs bcfwcon their group's data and the 
wliole elass data. 

To help with eunclusions, some po.ssil)le questloris were 

j[)rovlded: 
Dice 

1 . What is the smallest seore? Why? 

2. What Is thr lar^Jest sr orc? Why? 

3. Wieh seorc Is nioyl likely to oceiuV Why? 

Cubes 

1. Wiiat were the colours? 

2. Which colour was selected the most? 

3. Which colour was selected the least? 

4. What ran we say rnnccrnini:; the number aid the colours 
of cubes inside Llic bag'? 

Cards 

1. Which of the two eholrcs o<n un ed l\\c niosl? 

2. Is there any relation between the ratio of picture 
eardsMotal rard5» In the pack and that ratio for the data 
colleetefl? 
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Ai] example of a wrillen reiK}rl by one of LiC pupils follows: 



StV^J^ iKt rX\s\ /\\iy^ XjkxOU Jvat i<V>mj.i <>f 



ApcJirt^ jc^ ik. JCiKH^i JiiiK We i&a^j;^ /tncVL 



A\svi iioK /-to^-r^ -vvca: ^iv^iui Jfiu)ifi Jcwl' -ti/rA jf'io*e 

jVit .jrclc^U' jjcWt jcAni Jip ill. ia^ii:. 
i J3(jtfA^ j-Vp^' i^^V^ '-^ -(-A-^-^fi^ -^frbijo 



In lt\syoii 5, the concepts underlying; all the activities were 
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disrusficd In order to increase the students' lornial 
understanding. Vocabular)' sueh as likely, anllkcln. ccrtatn, 
imjx)ssible, fair, unfair, evens, used naturally in the context of 
previous lessons was formalized and Ihh: was extended fo 
simple probability. For example, probability of 0, L 1/2, P(a 2 
when a die is thrown) = 1/6.,. 

6. Conclusions 

'I\ a( hers thitik thai pupils have Iranil a ^reat deal, shrwln^ 
enthusiasm towards this activity. 

This experiment, firstly cairled out by Adrlenne Mhworlh 
in a 7th fjrade class, was sufficiently successful for Hodgson 
Hlfth School to have a version of it as part of their first year 
{.aradc 6th) syllabus. 

One teacher said, referring* to the Inset day course on this 
activity. tViat the only Ircjuble was it did not ^o on lou^ enough. 

Teachers indicated that the iiujjlls frnin all abilities had been 
enlhusiastle and had clearly enjoyed the v/ork. 

In an article [Spreadsheets and the National Curriculum) 
published in the ntmiber 16 issue of Lancashire Maths 
Newsletter. Tony Mozley. an advisory teacher who participated 
in the expeilnient, staled thai one conclusion to be drawn was: 

" ...that one teacher with one computer could use 
spreadsheets In this way, perliaps as a part of group 
work where just one group v/as doltie this v;ork and 
others were doing somcdilng completely dllferent. It 
also showed that spreadsheets could be used at this 
relatively early stage without having to teach the Ins 
and outs, thai Is. the eonipuUng side of spreadsheets". 
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Developing Number Sense 
with a computer Game 



1. The School 

This experience was carried out at school D. Pedro V, a secon- 
dary school in a very populated area of Lisbon. One of the largest 
schools in the country, attended by approximately 4000 pupils, 
from the 7th to the 12tli grade, this school operates in three daily 
shifts. From a social perspective, and due to the various types of 
neighbourhoods that surround the school, pupils are from very 
diversified strata of society. 

The school has about 300 teachers and has been traditionally 
one center for field activities oi preservice teachers and also for 
inservice training. It was one of the first schools to be included in 
the Project MINERVA, the Portuguese national project for the use 
of new information technologies in basic and secondary educa- 
tion. 

2. Aims 

The main objectives of this experience were the following: 
a) To develop a better number sense in the pupils, through the 
use of a computer game as a complementary approach to problem 
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solving activities concerning natural numbers — divisors, primes, 
and so on. 

b) To allow pupils to try and compare diCferent strategies, 
then to choose the most appropriate. 

c) To develop the capacities of observation, of criticizing the 
results of different trials, of learning from the errors. 

d) To develop the capacities of discussion in small groups, of 
reasoning, of advancing arguments and of criticizing the argu- 
ments of other students. 

e) To develop the capacity of taking notes, of making written 
reports. 

3. Material and Resources Used 

3.1. Hardware 

One classroom witii 5 PC compatible computers (Amstrad 
640K RAM with colour monitor). 

3.2. Software 

*TRINCA'ESPINHAS" is a computer game widely used in the 
Portuguese middle and secondary schools. The game is played by 
the student or a group of students against the computer, repre- 
sented by a popular figure called Trinca-Espinhas. The rules of 
the game are very easy: 

• one number less than 50, say 20, is chosen by the player, and 
the list of numbers from 1 to 20 is shown in the screen; 

• the player will be selecting and pulling out from the list, one at 
a time, numbers (that have at least one divisor in the list): after 
each one, TRINCA-ESPINI IAS will take for himself the divisors 
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of the selected number then add these together as his score; 



TBIHCHHESPlHHftS 




49 



I 



Que vWlMiro 
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The game had just began. The student picked 49. and Trinca- 
Espinhas picked the divisors 7 and I. making the total of 8 points. 

• the game ends when the player has no more numbers (with 
divisors) to chose; TRINCA^ESPINHAS wiU then pick the 
remaining numbers; 

• to find the winner, the player s mark is the sum of the 
selected numbers and TRINCA-ESPINHAS gets the sum of 
the divisors picked by him. 

3.3. Other support^* ng materials 

Pupils were asked to make a written report, after playing the 
game, and one piece of paper with guidelines for the report was 
given to them. 
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4. Overview and Curricular Context 

a) In this case study, the activities with the program were 
integrated in a long-term project — MAT^^ — of curricular devel- 
opment for the grades 7. 8 and 9. In the first year. 1988/89. the 
project included two 7th grade classes of the school D. Pedro V and 
in 1989/90 two 8th grade classes and two new 7th grade classes, 
one in the School of Amadora and the other again in the school D. 
Pedro V. 

b) The experience described in this case is the use of TRINCA- 
ESPINHAS in the two 7th grade classes (about 25 pupils in each 
class) of D. Pedro V. but in the other school the experience went on 
in the same way , The game was used in the beginning of the school 
year, after spending some time in problem solving activities with 
natural numbers (natural numbers, divisibility and primes are 
curricular contents of the 6th grade, in the Portuguese prepara- 
tory school). 

5. Description of the Activity 

5.1. Teaching and Learning Styles 

a) Children worked in groups of 2 or 3 at each computer. The 
class was divided into halves, due to the number of computers 
available. One half played the game on the computer and the other 
half was occupied in other activities. Work with the program in the 
classroom occupied only one two hour period, and each group 
used the computer only for one hour. 

b) TRINCA-ESPINHAS has a first page of instructions and is 
an easy game to play (but not to win); so no previous explanaUons 
were needed and children begin immediately to play. 
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c) Pupils were asked to take notes during the game: record of 
winners and losers, marks, best strategies, and so on. At the end. 
a written report to be presented one week later was requested as 
home work and some written guidelines were given to help make 
the report. 

d) Children were allowed to play the game outside the class- 
room, in the computer club of the school. 

e) In the next period after the classroom activity, children were 
asked to describe the best strategies to win the game. 

f) Reports were commented on and some pupils were asked to 
make an improved version. 

g) Later, in an evaluation written test, one of the questions 
referred to the game, asking the best strategy to win in a given 
case — 20 n ambers. 

5.2. Record of the Activity 

a) Some extracts of written reports from the pupils: 

" In the first game we played with 20 numbers, in the 
second with 25 and in the fourth with 30, because with 
20 we thought it was easier; after that we raise the 
numbers, because we won the first game.'' 

[in what concerns strategy] ^ve played first with the 
maximum prime number, and after we took the numbers 
with less divisors, and like this until the end." (Joao) 

" In the first try we played with 1 6 numbers because we 
want to begin with few numbers to understand the game, 
and we won. 87 marks to us and 49 to Trinca-Espinhas. 
In the second try. we played with 20 numbers and we 
won again 1 07 against 1 03 . In the third try we played with 
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30 numbers and by lack of attention we lose. 186 for us 
and 279 to the Trinca-Espinhas." 

[in what concerns strategy] **we have chosen the greatest 
number with less divisors, so theTrinca-Espinhas didn't 
get many divisors and didn't win the game" (Ana Teresa) 

b) Views expressed by the students on the best strategies: 

" we take a large number with few divisors" (David) 

for instance, when we play with 40 numbers, after 
taking the 37 we could take a prime number times T 
(Vasco) 

"that is not good, 2 is a precious number" (Flavio) 
{there JoWows a discussion about the question of 2 being 
a precious number, one says that 2 is precious for JO, 
anotuer says that for 10 you have the 5, but 5 could go 
before,...) 

"2 is precious for every even number; I will take the large 
prime squared, so for the play with 40 numbers I will take 
the 25" (Isabel) 

c) Teacher's own views: 

" The game is very interesting; some 8th grade pupils go 
on playing the game one year after they played for the 
first time" 

** The discovery of strategies is a difficult task for the 
children and they need to get some help" 
" Two or three children of my class discovered by them- 
selves some f^ood strategy to begin the play but some 
others never won the game" 

It is essential that they can play the game outside the 
classroom" 
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6. Conclusions 

It seems that this type of game Is very helpful as an Important 
complement to the usual problem solving activities on natural 
numbers. The way pupils speak and reason naturally about dif- 
ferent properties of numbers — divisibility, prime numbers.... — 
when they are playing the game is an indication that they are 
developing an improved number sense. 

Playing this game involves the pupils in constant intellectual 
activity, trying their best to discover a good strategy to win and 
reflecting on the consequences of each move. As they play in small 
groups, and the game is not easy to win. they are naturally learn- 
ing how to cooperate in order to find the best strategy. 

Asking for •'^vritten reports was a distinctive feature of the use 
ofTRINCA-ESPINHAS in this experience, and revealed itself as a 
good way to develop the ability to communicate ideas and to use 
the language of mathematics 

This is the kind of activity with computers that has many 

positive aspects: 

• children like it very much, 

• the teacher doesn't need to spent much time in the planning 
of the activity. 

• the game is easy to play and every children will understand 
the instructions immediately, no further explanation is nec- 
essary, 

• it s not easy to win the game, so it s a good challenge to the 
children, and this is one of the reasons they like it. 

• it deals with a interesting subject of the curriculum, and 
serves very well one of the objectives: developing the sense of 
number. 

• doesn't take much time in the classroom, and the students 
can go on by themselves outside the classroom. 
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1. The school 

Hodgson High School is a co- educational, mixed ability 
school for pupils aged 11 to 16 years old corresponding to 
grades 6th to 10th. 

It is situated in Poulton-le-Fylde, Lancashire. In the North- 
west part of England, a semi -rural area where the main 
activities are related to industry, namely tourism, and 
agriculture. The school serves the small towns of Thornton 
Cieveleys and Poulton-le-Fylde as well as several surrounding 
\allages. 

The school has 850 pupils in classes with about 30 pupils 
each, and 50 teachers. The majority of the pupils, after five 
years, leave school to follow courses at colleges and many of 
them go on to Universities or Polytechnics. In 1989, the pupils 
in grade 10 achieved results above national averages in the 
General Certificate of Secondary Education (GCSE) 
examinations. 

Parents, mainly from middle class origin, show a great deal 
of interest and involvement in school activities. 
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Computers are used within several subjects. Within 
mathematics, there are 4 computers assigned to the 
Department and their use is an integral part of the curriculum, 
it seems that, as far as mathematics is concerned, there io a lot 
of work going on. The head of the mathematics department 
made a study of the software available to relate suitable 
programs to particular mathematical topics. The use of 
computers in mathematics lessons is current practice. 

2. Aims 

The aims of this case study concern the handling of data 
and using it as a basis for reasoning, discussion or calculation. 

2. 1. To collect data, hence construct a database. 

2.2. To interrogate a database. 

2.3. To use a graph facility (scattergraph) to discover 
connections between sets of data. 

2.4. To use calculators and spreadsheets in order to 
calculate numerical relationships. 

2.5. To foster pupils' skills In using decimal numbers and 
approximate values. 

3, Material and Resources used 
3,1. Hardware 

The computer used within the activities described In this 
case study is a RM Nimbus, a computer that is not quite PC 
compatible but is similar to It in several aspects. All the activities 
were developed with three computers in the classroom. 
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3.2. Software 

A database program called GRASS was the software used by 
the pupils. 

Database programs are designed to help the collection and 
management of information or data. 

A database is an organized collection of related information. 
You probably deal with databases every day. for mstance your 
address book and phone book. Each of these databases 
organizes data for easy storage and retrieval, or access. The 
specific aspect of computer databases is the electronic way in 
which the data is recorded and accessed. 

There is a variety of database programs commercially 
available. GRASS was designed to be used in educational 
environments and it is easy to use by pupils of the earlier 
secondary school grades. It provides important facilities 
concerning these activities such as graphical features. From the 
data entered in the database, scattergraphs can be drawn. 

3.3. Other Supporting Materials 

Worksheets developed by the teacher, mcasuremxnt tapes, 
and calculators were some of the materials designed for pupils 
to perform the activities described in this case study. 

4. Overview and Cturricular Context 

These activities were performed by pupils of a low ability 
class during 1989/1990. This class was a 7th grade class (year 
2 of the English secondary school). In the first term of 
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1990/1991, other classes performed the same task. This work 
was set up by Adrlemie Ashworth. the head of the mathematics 
department. 

During six lessons, the pupils collected, represented and 
analyzed Information in order to discover relationships 
between sets of data drav/n from measurements on their 
bodies, While performing the activities, they had to deal with 
curricular topics such as decimal numbers, approximate values, 
graphical representations, and the use of calculators and 
databases. It should be pointed out that the use of databases to 
enter and retrieve data is explicitly mentioned, for this grade, in 
the National Curriculum in England. To create a database is 
also mentioned as appropriate to the Attainment Targets of the 
National Curriculum, 

Although the activities here described concern only the 
work done in six lessons, they can be easily extended. Indeed 
there is a wide range of possible relations to be investigated and 
a tool designed for numerical manipulation would also be useful. 
Spreadsheets fit in this kind of work. Data would be transfered 
from the database to the spreadsheet and pupils would use 
facilities of the spreadsheet (graphing, formula, copy, 
average,...) In order to do more exact and deeper investigation. 

5. Description of Activity 

5. !• Teaching and Learning Styles 

During these six lessons, the class was organized in 
different ways, according to what appeared to be suitable at a 
particular time, and the pupils worked both individually and in 
groups of three or four. Sometimes the discussion involved the 
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whole class. 

The teacher's role was to introduce the questions, provide 
help when necessary, and encourage pup:\s to have an 
investigative approach to the proposed questions or to the 
problems that came up while developing the work. This proved 
to be important because, within these activities, a number of 
questions, both related to procedural difficulties and to 
reasoning issues, arose in the course of the acUviUes. 

5.2. Record of Activity 

In lesson 1 the topic covered was scattergraphs. Pupils 
learned what they are and how they can be drawn. 

Lesson 2 began 'Mth a question: the students were asked by 
the teacher their opinion about a possible relationship between 
one person's height and the circumference of the head. More 
precisely, the teacher introduced the following equation: 

height ^ 2.9 x circumference of head 

Pupils reacted saying it was nonsense. But was it actually 
wrong? How can one be sure? All the students measured each 
other and built scattergraphs of height/head and. much to 
their surprise, found out that the points could roughly be seen 
to lie on a straight line. That impression was increased when 
the same graph, with a different arrangement of the axes, was 
viewed in the computer. 

By means of illustration, a table and a graph drawn by a 
pupil and the corresponding computer graph are shown on the 
next page. 
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After becoming aware, in lesson 2. of the relationship 
between head and height, lesson 3 was devoted to begin an 
investigation about further possible connections. Firstly, pupils 
proposed the measurement of span, waist, hipground (from 
the hip to the ground), wrist, plane (finger to finger 
outstretched), foot, cubit (elbow to fingers extremity), ar ' hand 
(width across hand - insertion of thumb to fingers extremity). 
Keeping In mind the construction of a database, details were 
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discussed. Regarding this matter, it was agreed that the fields 
would include those named above plus name, sex, height and 
head. 

In lesson 4. pupils set up their own groups. All measured 
each other and entered the data in the database. There were 
some difficulties concerning numerical approximations. 
Sometimes, pupils did not agree when measuring. It was a good 
opportunity to talk about approximate values and how to 
handle them. 

Occasionally, pupils measured from the wrong end of the 
measurement tape causing errors. In these cases the mistakes 
were usually detected by the other pupils in the group. 

Before entering the data into the computer, everyone made 
a table with their own data: 
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The pupils keyed their data into the computer. At this stage, 
some of them found difficulties when the fields in the database 
and in their tables were In a different order. 
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Lesson 5 was devoted to interrogation of the database. 
Several questions were posed by the teacher or by the pupils. 
They were given the following worksheet: 



1 }im the tdlRrt person ui tl» doss. liiuLje . . 

2 Wiict 15 tbot persons heiglit' . _ j/Ti^ ^ 

3 Hom? tol lest boy ui the cUs5. C\^nn> 

4 Wxit IS his heigljf _ .1££jcij 

5 None ttw tollwt qirt m tl* aas5. .InabC- . . 

6 Ulut Is her height' y^Tr^i. 



7 Mnt IS thi» Qverogc (own) Iwig^t of the pupils in tlw doss' 

8 Whot is tli# owage (fieon) tieigiit of tlie bot^ in the doss' 

9 Miat is the overtige Oieon) lieiglit of tt>e giHj in tht doss? 
10 What is the nedian height of the pop its in the doss' 



11 Mut is the nedion height of the boys in \\yp. 

12 Ufwt is the nedion heujJit of tlie girls in Oie doss? ^ ^ 

13 None o*l tlie pi^ils the rtass w»rosp lieiylit i^Uss th») 



158cn 



14 Does the tollest 'pet^ofi in class iKjve'^the biggest 
Iwndspon' [NQ 

15 Does the tallest person in tlx? class h<iv* tlie biggest feet' 

ry^ 

ficAe up five non? tfwstions like \}]e lost two and find tl» 
ansuers. 



BEST COPY AVAILABLE 
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As Stated before, a number of questions were proposed by 
the pupils. Here is a sample of the questions which were 
answered with the help provided by the database facilities: 



How many pupils have: 

— Cubit greater than 40 cm? 

— Wrist less than 1 2 cm? 

— Hand equal to 8 cm? 

How many girls have feet greater than 25 cm? 
How many boys have span greater than 25 cm? 



How many pupils are 

— taller than 165 cm and have feet bigger than 27 cm? 

— taller than 165 cm or have feet bigger tlian 27 cm? 

Does the taUest pupil sUU look the tallest when seated? 



The investigation about numerical relationships within the 
sets of data went on to the next lesson. In order to help the 
investigation scattergraphs were drawn using the computer. 
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The total number of hypothetical relationships is large and 
those which were found in each class represent only a small 
number of them. Moreover, they differed from class to class. By 
means of illustration, below are some of the equations that 
pupils wrote: 

height = 3.8 X cubit 
span hand = 2.24 
height - plane = 1.02 
plane -s- cubit = 3.9 

When doing the activity, the pupils used calculators to find 
the relationships. It was also a opportunity to handle and 
discuss decimal numbers and decimal places. 

6« Conclusions 

Observing pupils' achievements, and noticing that the work 
was firstly carried out with a low ability class, one can say the 
pupils have profited from this activity. They worked with 
important mathematical ideas and topics having the 
opportunities to discuss them in a concrete situation. From the 
teacher's point of view, the pupils liked to work in this way and 
she noticed enthusiasm when they were doing the tasks 
assigned. 

The wide range of possible developments enabled by this 
particular activity is also a very positive aspect. As several 
classes have carried out this work, a conclusion that can be 
drawn concerns the variety of relationships the pupils can find* 
from class to class and even from group to group within the 
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same class. 

Although the activities have stopped in this stage it would be 
worthwhile to go further on next year in order to extend pupils- 
knowledge. This is Adrienne Ashworth's opinion. If the same 
class will perform the activities the investigation can be 
deepened and there are new approaches which can be developed 
such as the study of the rates of change. It is planned to use 
spreadsheets with such purpose, using their scattergraph. 
formula, copy and average facilities. The spreadsheets can be 
used even at earlier stages of these activities, as long as they 
have available faciUties similar to those used in the database. 

In-service teacher training is already in progress at 
Hodgson High School in order to implement these activiUes. 
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Computer Assisted Instruction 
in Trigonometric Functions 
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Computer Assisted Instmction 
in Trigonometric Functions 



1. The School 

These lessons In trigonometry with computers using the 
program "Goniometrlcs" were conducted in the Christelijk Ly- 
ceum in Delft, the Netherlands. This is a urban catholic school for 
pupils from the 7th to the 12th grade (13 to 18 years old) that 
accept pupils for the upper and middle streams of the three that 
follow the primary school. 

From nine years ago the Christelijk Lyceum has been 
equipped with computers (Apple II). They were used mainly in 
programming courses and for the teaching of text processing. 
With the support of a Dutch project related to the introduction of 
new technologies in the s chools — the NIVO project — a network of 
15 PC compatible computers was installed in 1989. These com- 
puters are mainly used in courses on the MS-DOS system, text 
processing, spreadsheets and databases, for all pupils from grade 
9 on. 

2. Alms 

The main objectives sought with the use of this software in the 
teaching of trigonometry were: 



123 



Case Study 9 — Computer Assisted Instruction In Trigonometric Functions 



a) to help pupils to become more active in mathemaUcs les- 
sons, 

b) to enhance the understanding of some parts of the subject 
of trigonometric functions. 

The trigonometric functions were selected as a subject for this 
e>,'perience because it is was viewed as distinctively a difficult one. 

3. Material and Resources Used 

3.1. Hardware 

One classroom with 15 PC compatible (Phillips) computers 
was used for Instruction in this school. 

3.2. Software 

The software used in the lessons of trigonometry was a pro- 
gram called "Goniometrics", a set of interactive exercises on 
trigonometric functions, equations, inequalities and graphs. The 
software can be used to cover 4 to 6 lessons. 

3.3. Other Supporting Materials 

The software is self contained, and only a single sheet with no- 
tations was given to the pupils. No worksheets were used, only the 
general textbook is used as a resource. 

4. Overview and Ctirricnlar Context 

The program used in these lessons has been developed in the 
Technical University of Delft since the end of 1984. and is the 
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result of a project involving three groups of people - two experts in 
mathematics education, two researchers in the psychology of 
learning and two experts in the technical aspects of Computer 
Assisted Instruction. Resources only allowed work with one 
school. It was importante to the project leaders that: 

• it should be axi average school, with a number of computers 
large enough to allow one class to work at the same time with 
them; 

• the mathematics teachers and the school should be inter- 
ested in participate in the project. 

The mathematics teachers were consulted about the topic to 
be selected as a subject matter. Trigonometry was chosen. This 
subject is taught in the tenth grade (16 years old pupils) in the 
stream preparing foi the University. It is seen as a difficult subject 
by the teachers The software was developed from 1985 to 1987, 
subject to some conditions: 

• the work with the computer would be integrated in the nor- 
mal curriculum, without any change in the usual order of the 
topics; some lessons would be replaced by lessons with the 
computer: 

• the most difficult questions and topics in the subject matter 
would be assigned to the lessons with the computer. 

5, Description of the Activity 

5,1, Teaching and Learning Styles 

a) The four to six lessons witli the computer were part of a unit 
of 14 lessons on the subject matter of trigonometry. Each lesson 
had a normal duration of 50 minutes. About 25 pupils worked in 
groups of two in each computer. 
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b) Questions and exercises were presented on the screen and 
in tlie keyboard the pupil typed short answers, mostly numeri- 
cal. Comments or further explanations, and sometimes an extra- 
screen with some information and other examples were pre- 
sented oi: the screen as a feedback. The last lesson of the program 
is more open* requesting from the pupil a higher level of decisions. 
The consequences of an answer Is made visible in the graph or in 
a formula, and the pupil must decide if he/she is moving in the 
right directions or If something must be corrected immediately. 

c) The pupils were free to choose who they work with and a 
good learning environment and working atmosphere existed In 
the classroom, with the pupils discussing with each other the an- 
swers to be given and the reasons for this or that feedback from 
the computers. 

d) The role of the teacher was significantly changed in the 
computer lessons, as compared to the one in the lessons without 
computers in the same subject. The teacher was now a supervisor, 
and was much more able to grasp the pupils' difficulties, to help or 
encourage pupils and to ask questions in order to further en- 
lighten the problems in discussion. 

e) In the last two lessons with the computer some students 
were much slower than others in solving the questions posed by 
the computer, and it was necessary to give the faster learners 
other interesting and more complex questions and problems to 
be worked without computer. 

5.2. Record of Activity 

In the first two lessons with computers pupils are requested 
to do a number of exercises in order to sharpen their knowledge of 
the graphs of the functions f(x) = sin (x) and f(x) = cos (x) on the 
interval (0,27c]. The properties of symmetiy of these graphs are 
pointed up through convenient exercises, like for instance the 
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following one: 

• Given the value 5 ofx, for which value(s) on 10.2k1 the function 
f(x) = sin (x) assumes the same or opposite value as in x=5? 
One graph is presented to the pupUs on the screen (the figure 
Is not a reproduction of the screen) 




and the children are taugh^ ' use the symmetry In the graph, 
indicated by the line segments of equal length (in bold in the 
graph) » In this way. pupils can easily find that the solution for the 
same value is ti + {2k - 5) = 3k - 5. In a similar way, they can use 
graph symmetry to find the x-value where the function has an 
opposite value. 

In the first exercises the whole figure is shovm to the pupils, 
but after more is left to the pupU. At the end, exercises without the 
graph are proposed to the students, and only in case of wrong 
answers the graphs are shown» 

In the third lesson exercises to solve simple linear equations 
and inequalities are proposed to the students » The fourth lesson 
deals with transformation of functions and graphs, namely through 
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the study of functions of the type fix) = d + c sin (bx + a), with b>0, 
and the equivalent functions for the cosin. In this way, the 
transformations studied are: horizontal trar -lation. magnifica- 
tions with respect to the x-axis and to the y axis, and vertical 
translation. Another type of problems proposed could be ex- 
pressed by the phrase "looking for the formula", because the 
pupils are requested to discover the function corresponding to a 
given graph. 



6. Conclusions 



Pupils had a moderately positive response to the computer 
lessons. Most of them did not consider these lessons annoying, 
and they declared that the work was not harder than before. But. 
as told by the team of researchers, that was the case. Pupils felt 
they have actually learned with the computer lessons. These are 
some quotations from the pupils Interviews: 

** It was more varying, and when he (the computer) said 
it was wrong, you could do it again by yourself." 
" It is nicer to work together with other pupils, you learn 
more from it, you can explain things to each other." 
" I found things rather slow, if you have a good answer it 
was explained to you again why your answer was good. I 
found that boring." 

We did not have to ask the teacher often for something, 
only if you used the vnrong notation, but most of the time, 
no." 

" Well, on the whole I did like it, it went rather fast some- 
times, but I did like it, it was after all something different 
than the usual explaining in the class, yes. I did like it." 
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It seems that there is some improvement in the achievement 
of the pupils in this subject matter when taught in an interactive 
way vAih computers. But when the subject is essentlaUy more 
difficult, as in the case of transfomiation of trigonometric func- 
tions and graphs, more time must be spent in the topic, even if 
computers are used. 

Teachers were very happy with the computer lessons. They 
recognized that these lessons were much more easygoing and 
causing less tension than the others, and that the pupUs worked 
much more than before. In their view. 20 to 30% of the lessons 
could be organized this way. if there was hardware and software 
available. Also, teachers considered that the computer lessons 
combined well with the lessons without computer and that the 
subject matter was well dealt virith. 
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Graphic Calculus 



1. The school 

This work was carried out in the Het Waterlant-College, a 
catholic school situated in Amsterdam. This school has 1200 
pupils and the social level of the pupils is low or medium. 

Three levels of the secondary education in the Netherlands — 
Gymnasium. Have and Mavo — are present In this school. The 
pupils in the class adressed in this study belong to the first one 
and will normally undertake university studies. 

2. Aims 

The main objectives adressed with the activities described in 
this case are: 

1) To help students develop aptitudes for establish connections 
between the analytical description of functions and their graphic 
representations. 

2) To encourage students to do investigations in mathematics, 
for instance looking for specific relations within a family of func- 
tions or analysing the effect of a parameter of changing a parame- 
ter within a function. 

3) To facilitate the exploration and demonstration of the funda- 
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mental ideas of calculus. 

4) To provide students and teachers with a greater Insight Into 
the mathematical processes in elementary calculus courses. 

3. Material and resources used 
3*1 Hardware 

MS-DOS IBM compatible computers with at least 512 K 
memoiy and colour monitors. 

3.2 Software 

VU- GRAFIEK is a MS-DOS program developed by Piet Van 
Blokland after the original design and implementation for the 
BBC computer by David Tall. 

VU-GRAFIEK is a powerful graphics program with extensive 
possibilities, including looking for the fonmula. drawing graphs, 
area computing, equation solving (several methods), Taylor poly- 
nonilals, curves in space, parametric representation of curves* 
first and second order differential equations, functions of two 
variables and complex functions. In addition it is ven^ user friendly 
and pupils begin to use it fully almost from the first contact. 

3.3 Other supporting materials 

There is a handbook for the program VU-Graflek and the 
students receive worksheets with the proposals of the activities. 

4. Overview and curricular context 

This kind of program can be used in many different situations. 
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grades and subject matters. Namely, this software has been used 
by several teachers in different schools. It has been used exten- 
sively in the experiments of the new mathematics programs in The 
Netherlands, mainly in the upper secondary school. There are also 
experiences with children 14 and 1 5 years old. and in this case the 
program can be a tool to be used at the very beginning of the study 
of functions. Later on it can be used for the study of trigonometri- 
cal functions and also for the study of surfaces in the 3-D space 
and their defining functions. Some parts of it are useful at the 
university. 

5. Description of activity 

5.1. Teaching and learning styles 

a) VU-Grafiek has been used in many different situations. One 
situation was one computer for the whole class, v/ith the teacher 
discussing with the pupils. Another common situation is one 
computer for every two students. There is a report of a teacher 
using VU-Graliek in an oral examination. 

b) With this program, with appropriate support materials, 
students can take initiatives and explore unexpected situations 
outside the normal curriculum limits. 

5.2. Record of activity 

There follows some extracts from an actual worksheet that 
was used in the school for a lesson with 10th grade pupils. 
Pupils worked in groups of two in each computer and had 
some previous lessons in trigonometry. In this activity they 
studied the role of the various parameters in the family of 
functions f(x) = a sin (bx+d). 

For infonnatlon we insert some examples of the screens 
obtained from the computer. 
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f(x) = sin z + d I 

• erase the screen 

• insert function f(x) = sin x + d 

• d = ? ; program is asking for a value for parameter d 



! { 



1 



f (x):sin X ♦ d 

X: 

y- 

ccns lints 
d:0 



-2 -! 0 I 2 

f lal Clear Zoom Is&le filler cooslcnls 
ianction Larfe Hbu Ooniin Slip conslanls 



• put d=0 and press <retum> 

You have two options for working with a parameter. With the 
option A (Alter constants), you can draw a new graphic for 
each case (value of d). With the options (Step constants), you 
can ask for a set of graphs one after another. 

• choose option S, put d=0.6 and ask for 4 graphs, 

• observe that in the upper right comer appears the 
parameter value corresponding to the curve the program is 
c3 rawing, 

• repeat the same operations with other values and inves- 
tigate the different cases. 

What is the role of parameter d? 



ins 
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r 



f(x) = a sin z 



• Insert fix) =: a sin x 

• put a=0. Do you think the result is unexpected or 
reasonable? 









I L 



iU)^ sin X 

constants 
3: 1 
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• ask for a sequence of graphs and adapt the axes If 
necessary 

• investigate other cases (for Instance, with negative values for 
a) 

What is the role of parameter a? 



[fU) =r Sin bx I 

• do the same kind of investigation as for the other families 

• use option L (Large) to observe the intersections with the 
axes 




What is the role of parameter b? 

|ff(x) = sin (x + c) i 

• same investigation as before; use stepvalues of 7c/2 
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/ \ / \ 




^ 7 



-J -I 0 i 1 



What is the role of parameter c? 

; fix) = a sin bx; f(x) = a sin [x + c); f{x) = a sin Cbx + c) 

• Study the functions with 2 or more parameters at the same 
time; for a good point of departure give value 0 to the 
parameters. 

6. Conclusions. 

The program is very easy to use and many times the pupils 
extend the exploration of one situation further than it is expected 
by the teacher. Some common misinterpretations are clarified by 
the use of the program. Teacher Heleen Verhage observed a class 
where the pupils studied the function f{x)= ax + b, trying to 
understand the role of the parameters a and b. She made the 
following comments: 
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"Annemarie and Karin worked earnestly and with pleasure. 
For this type of work, half an hour is enough, many things 
happen in a short period, the work is not a placid one as 
when drawing a graph with pencil and paper. 
The class was a success, in the sense that the pupils worked 
hard and in a meaningful situation. For the pupils of 
MAVO-4 [ 15 years oldl, we would think that this Is an easy 
subject, but many misinterpretations appear that are only 
clarified with the use of a graphic program. Perhaps we 
could avoid these mistakes if we had began this kind of 
work sooner." 
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1. The Schools 

In Portugal secondary schools have pupils from 12 to 18 
years old corresponding to grades 7th to 12th. Pupils with 
different abilities are together in the same classes. This case 
study describes an experience undertaken with 11th grade 
pupils. 

Mem Martins is a small town in the suburbs of Lisbon 
mainly inhabited by people working both in the suburbs and In 
the Lisbon area. The secondary school of Mem Martins is 7 
years old, has 2000 pupils, mostly from working and middle 
class origin, and about 200 teachers. Few teachers live close to 
the school and there are quite a number of staff changes at the 
end of each year. This interferes with development work v^thin 
the curriculum. 

The secondary school Veiga Beirao is situated in downtown 
Lisbon, surrounded by commercial and business quarters of 
the city. Both pupils and teachers do not live near the school. It 
is an old school — about 40 years old— with 600 pupils in day 
courses and the same number in night courses. Unlike the 
school of Mem Martins, a reasonable number of the 120 
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teachers are members of the permanent staff. 

Regarding computers and the way in which they are used, 
there are sharp differences between the two schools. Five years 
ago (1985/1986) the first computers arrived to the school Veiga 
Beirao. Only the mathematics teachers showed interest and 
developed some activities although there was no real continuity. 
In the school of Mem Martins the computers were introduced 
during the year 1987/1988. Since then several teachers, 
namely history, mathematics, languages and health teachers, 
used them in extra-curricular activities as well as in normal 
classroom lessons. 

2« Aims 

2.1. To develop pupils' skills in problem solving and oral 
communication within mathematical subjects. 

2.2. To Increase pupils' abilities in group work and in other 
ways of work organization allowing pupil activity to be the 
centre of classroom work. 

2.3. To allow the pupils to become more independant in 
developing solutions to problems. 

2.4. To deepen pupils* understanding about mathematical 
concepts related to sequences and functions. 

3. Material and Resources Used 

Hardware 

In these experiences were used PC compatible (Amstrad 
1512) computers, 6 in Mem Martins and 4 in Veiga Belrao, with 
mono and colour monitors; there was one Epson LX~800 
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printer in each school. 
3.2. Software 

The spreadsheet SuperCalc I was used in both schools. 

There is a variety of spreadsheets commercially available. 
Most spreadsheets are quite similar except for graph-drawing 
facilities; these are often very important in education. They have 
been designed to handle large sets of numbers that need to be 
organized and from which computation can be done. Every 
spreadsheet is a matrix of cells, each one named after the 
corresponding column and line. In these cells data - a text, a 
number or a formula - can be entered. Using the formula 
faciUty. the content of a cell can be related to the other ceUs in 
order to calculate the required value. Supercalc 4 is a powerful 
spread-sheet available throughout Europe with several graphic 
faciUtles namely the drawing of line, bar and X-Y graphs. 

3.3. Other Supporting Materials 

Worksheets were developed and included in a book written 
in Portuguese by the teachers who conducted this activity 
[Quod Novis, Susana Carrelra and Georgina Tome ed. 
Associagao de Professores de Matematica/Minerva 1989). 

4. Overview and Curricular Context 

The choice of the software - a spreadsheet - was justified 
by two major reasons: it is a powerful tool ^Aith facilities that can 
easily be used for the learning of mathematics, and in 
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particular fits very well in the Uth year Portuguese curriculum 
which is mainly the study of funcUons --d sequences. 

Two classc-.. one in each school, have been Involved in the 
activity. Pupils- age ranged from 16 to 18 years old. The two 
teachers set up the scheme of work and developed all the 
materials (worksheets, evaluation tests and curricular 
organization) together. The work was supported by the 
Portuguese national MINERVA Project. 

The year began with the general concepts regarding 
functions — classification, monotony-order-, etc ~ without the 
use of computers. 

The computer is particularly suitable for the study of 
sequences, this was the subject that was chosen to begin the 
computer work, reversing the usual curricular order in which 
functions appear before sequences. The study of functions was 
done as an extension of the previous study of the sequences. 
The concept of the limit of a sequence helped students to 
understand the concept of the limit of a funcUon at a point. In 
this kind of approach, the software proved to be most suitable 
providing opportunities to draw conclusions concerning 
extensions and restrictions of a funcUon. 

The computers were used by several classes in the schools, 
so they were not always available. It was at Mem Martins where 
this fact was most annoying. 

5. Description of Activity 

Problem solving was present throughout all lessons and a 
similar approach for each curricular topic was made. A problem 
solving situation was introduced and a period of exploration 
and discussion followed in order to draw conclusions. 
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As the whole curriculum was studied based on the 
spreadsheet, seventeen problems were used to introduce the 
mathematical topics. 

5*1. Teaching and Learning Styles 

The use of problem solving as a methodology and the 
spreadsheet as a tool provided opportunities of discussion 
within mathematical subjects. There was also a new 
organization in the classroom, shifting the focus from the 
teacher to the students' activity. The teacher should act as a 
coordinator. 

At Mem Martins there were 6 computers available. The class 
was divided in 6 groups of 3 or 4 pupils. Each group had one 
computer to do its ov/n work allowing all groups to use ( hem at 
the same time. In Veiga Beirao there was a change within the 
first weeks. Since there were only 4 computers available, groups 
of 5 pupils showed difficulties to find a suitable organization. It 
was then decided to change the number of pupils in each group 
In order to make them smaller. While 4 groups were working 
with computers the others were doing activities within the 
same subject and related to the activities they had done or 
would do later using the computer. 

During the period of discussion and exploration for each 
problemam solving situation, the teachers acted as 
coordinators encouraging the students to go Into deeper 
analysis, proposing question^: uid challenges, and helping 
ihcni In order to a^ow the discussion to go on until a 
nialhcmaflcal model has boon found. This se >rch was followed 
by worksheets with fiucslions related to the concepts implied In 
the model. Paper and pencil work had an important role in the 



147 



Case Study 1 1 — Problem Solving and Spreadsheets 



activities carried out. The discoveries made were then 
formalized and linked to the curricular topics. 

After students have tried to solve the problem, the different 
strategies developed were compared in order to promote the 
exchange of opinions and the improvement of final results, The 
exchange occurred spontaneously without the teachers' 
interference. 

Outside the classroom, the time was mainly spent 
conceiving and building teaching materials and correcting every 
worksheet done in the classroom. 

In every evaluation test, a problem similar to the those 
presented in the computer lessons was included. It was the part 
that pupils found easier and liked most. Although planned, a 
evaluation test using computers never took place. 

5.2. Recoid of Activity 



Imagine that you can fold a sheet oj paper as many times 
as you want Knowing that the distance from the Earth to the 
Moon is 380,000 /cm. how many times do you have to fold the 
sheet of paper in order to reach the Moon? 

CHiickness of the sheet of paper: 1 mm) 



One example: From the Earth to the Moon 
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When this problem was introduced several pupils tried to 
guess the correct answer. Fifty was the smallest number 
mentioned during this first discussion. After a while, and when 
the pupils' opinion seemed to be established, the need to check 
the truth arose and the spreadsheet was set up by the pupils 
with two columns: the number of folds and the corresponding 
thickness. The initial surprise was overcame hy the rapid 
sequence increase, clearly evident in the computer [espessura 
and dobragens are thickness and folds in Portuguese): 



SUCESSAO DAS ESPESSURAS 

(1 mm) 



6el1 



5ci 1 



4c1 1 



CL 

1 



I 



<N iTXO to o» o c>j »o ir> t£) r>. o cj f 1 i/) <o c* — cm ro -^t 



dobroqcns 

The following worksheet was given to the pupils in order to 
deepen mathematical concepts like: 

• sequence 

• subsequence 
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• order 

• upper and lower bound of a sequence 

• limit of a sequence 

• geometric progression and its common ratio 

J. Define a sequence e^ whose terms represent the successive 
thickness of the sheet of paper, after each fold: 
LI. by a recursion formula 

1.2. by a formula that describes the nth term of the sequence. 

2. Compute e^, 63. e^gand 639 . 

3. If the initial thickness of the sheet of paper was 0. 1 mm. 
what will be the first term of the sequence? In this case, how 
many times would it be necessary to fold the sheet in order to 
reach the Moon? 

4. Is there any term equal to 512? Or equal to 80? Why? 

5. Draw, using a spreadsheet a graph with the first terms of 
the sequence. 

5.1. What can you say about the sequence after you have 
examined the graph? 

5.2. Prove that the sequence is monotonic and indicate the 
kind of monotony. 

6.1. Compute, using the spreadsheet the ratio and the 
difference between consecutive terms [en+i/^n <^^^^ ^a+i" 

6.2. Compute, without the spreadsheet the same ratio. 
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7, Let E be the set of the terms of the sequence. 
7 J. Is it possible to find a lower bound ofE? 

7.2. And a upper bound? 

7.3. Is it possible to find a range bounded by two horizontal 
lines containing all points of the graph? 

7.4. Is the sequence bounded? Why? 

8, Is Vri- 4^ ci subsequence of e^? Why? 

9, What is the limit of en? 

Items 1. and 2. were answered during the introductory 
lesson and it took two more lessons to work through the whole 
worksheet. The recursion formula was quickly found as there is 
a straight connection with the task that the pupils performed 
at the computer. 

The computers were available in case the pupils should like 
to use them. For example, they enlarged the spreadsheet with 
two columns where the ratio and the difference between 
consecutive terms were calculated. As stated before, every 
question was discussed both with the pupils of their own 
groups and with members of other groups. 

6. Conclusions 

Based on direct observation of students* work, worksheets 
and evaluation tests, the teachers have drawn conclusions 
concerning the activities. 

After overcoming initial apathy, enthusiasm and the will to 
go on remained constant all year long. The teachers think both 
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the methodology and the use of computers were responsible for 
this students' behaviour. Even in more formal lessons the 
students had an active role communicating their ovm views, 
certainties and doubts. 

In the first term, the progression throughout the 
curriculum was below the average for the nth grade classes. 
The students took a certain amount of time to get acquainted 
v^th the software. Moreover, the methodology, based on group 
work and problem solving, was a novelty to them as far as 
mathematics is concerned. After the first term a inversion took 
place and there was a rapid progression, faster than the 
teachers expected. One hour extra (6 per week instead the usual 
5) helped to overcome this difficulty and in the end all the 
curricular topics were covered. 

A similar change happened in the students' autonomy. In 
the first lessons, the pupils showed great need for the teachers' 
support, as soon as a doubt arisen the teachers* help was 
required. After this period they developed ways to deal with the 
difficulties, managing to work through the whole problem 
requiring little or no help from the teacher. Obviously, it was 
during the first phase that teachers had additional work while 
students were trying to adapt themselves to this methodology. 

There was a significant increase in the students' ability to 
make clear their reasrning. both orally and in written form. 

One of the teachers involved in the activity had another 
1 1th grade class where computers were not used and thus the 
problems using computers were not presented. Although the 
curriculum organization was the same, the outcomes In this 
class were below that obtained by the class in which the 
computers were used. 

The methodology generated opportunities to discuss 
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connections ulthln mathematical subjects, links between them, 
and relations of mathematics with the real world. In fact, the 
students were surprised to find that mathematics has 
applications in physical phenomena, for example. As 
mentioned above, the 11th grade curriculum was fully studied 
and besides the students had opportunities to face subjects 
outside curriculum boundaries that arisen in discussions and 
they found interesting. Students said it was a very rewarding 
approach and an enjoyable experience* 
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1. The schools 

The activities described in this case study took place in 
several schools, from a set of twenty four belonging to six areas: 
Bury. East Sussex. Essex. Leicestershire. Northamptonshire 
and Suffolk, corresponding to 6 teaching groups. Within this 
set we can find a diversity concerning pupUs* social background 
and age. schools environment and dimensions. In order to 
ilustrate, two schools are described below. 

Newmarket Upper School is located in the Suffolk town of 
Newmarket and provides secondary education to pupils aged 
between 13 and 18 years old. They come both from the town 
and from the surroundings which is mainly a rural area. The 
town is known as a centre for breeding and training 
racehorses. Along with this there are light industrial and 
agricultural enterprises. The school is a comprehensive school 
and has 660 students covering the whole social and ability 
range. 

Huxlow School is a comprehensive school in 
Northamptonshire and it serves the small towns of Finedon 
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and Irthllngborough and the surrounding villages. Light 
industry and agriculture are the main activities within the 
school area. The school has 620 pupils from 11 to 18 years old, 
and a wide range concerning social background and ability is 
represented. 

In both schools the Head of the Mathematics Department 
is involved in the use of graphic calculators. The students 
involved in this activities were aged between 16 and 18 from A- 
level courses in Mathematics. An A-level course is a two-year 
option course in Mathematics, for students in the upper 
secondary stream. The number of one hour lessons per week is 
around 4 and the topics covered are. among others, algebra, 
coordinate geometry, trigonometry, functions, calculus and 
statistics. 

In Newmarket Upper School, 15 students in each year- 
group took A-level courses In Mathematics and in Huxlow 
School this course is taught in a consortium with two 
neighbouring schools to 40 students in each year-group. 

2« Aims 

Although for each subject specific goals are to be attained, 
there are general aims to consider regarding the use of graphic 
calculators: 

a) To foster pupils' skills in mathematically thinking and 
reasoning. 

b) To allow students to use spontaneously computing 
facilities, making it pail of the normal mathematical activity. 

c) To allow a variety of approaches for the same problem 
(numeric, algebric, graphic). 

d) To emphasise the exploration of mathematical 
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relationships rather than present symbolic manipulation as an 
end in itself. 

e) To encourage students to evaluate their own ideas and 
conclusions. 

3, Material and resources used 

The models of calculators used were the CASIO 6c-7000 (5 
teaching groups) and the Hewlett-Packard 28 C (1 teaching 
group). Both these models have graphing and programming 
facilities. 

Each student was given a graphic calculator on permanent 
loan or they were freely available in every mathematics lesson. 
In this case, and to be permanently available, pupils could 
obtain them at the school library or at a resource centre. 

Bozl 

The graphic calculators have also programming facilities which 
can be used by the students. The following program, to appear later 
on in this case study, calculates, and displays on the screen, the 
sucessive terms of a series which is a sequence of the sum of the 
terms of an arithmetic progression with first term A and common 
difference D. 



— > A ask for number A. put in memory A 

"D"? — > D 

A — ^>U stareAinU 

U— >S 

UdI 1 mark the top of a loop 

" SUM= " display on the screen: SUM= 

dJspl^ the value stared in S 

U+D — ^>U add U to D and store the result In U 

U+S— >S 

Goto 1 Jump to the top of the loop 
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4. Overview and Curiicular Context 

The activities described in this case study have been 
developed within a NCET - MESU (National Council for 
Educational Technology - Microelectronics Education Support 
Unit) project coordinated by Kenneth Ruthven from the 
Department of Education of the University of Cambridge. 

The Graphic Calculators in Mathematics project ran from 
July 1988 to July 1990 involving over 30 teachers and 1000 
students in 24 schools. Its main goal was to develop, trial and 
evaluate teaching approaches wich exploit the potential of the 
graphic calculator and produce a professional development 
pack for dissemination to a wider audience. 

During the two years, a newsletter - Graphvine - and 
several supplements with specific and general topics were 
published. These supplements were elaborated by working 
groups of project teachers and included proposals of activities 
to be worked in the classroom, for example, suggestions of 
worksheets. Some issues were dedicated to provide an 
alternative to the official manuals of the graphic calculator 
models explaining and exploring basic features. The project 
teachers met periodically to exchange ideas and review 
progress. 

The activities within the project took place in upper 
secondary mathematics courses, mostly A-level. A variety of 
mathematical topics and subjects were studied using 
calculators: numeric patterns, sequences, series, algebra, 
statistics, graphic representations, including polar and 
parametric graphs, graphic patterns, locus, polynomials, 
functions and trigonometry including identities. 
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5. Description of activity 
S.l.TeacMng and Learning Styles 

Project teachers were free to plan the work of their classes, 
having occured both common and different approaches. For 
example, programming was not given the same stress by all 
teachers. In any case, common facets can be Identified. 
SymboUc (or algebric) manipulation, available only in one model, 
was little used and learning took place more privately and 
informally. This is not to imply that group work, peer 
discussion and interacting do not occur. During lessons 
students were free to explain their own reasonings thus 
helping each other. 

5.2. Record of activities 

In a 1 1th grade c'.ass. students are beginning to develop the 
trigonometric identities for double- and compound-angles such 
as cos 2a and cos (a+b). They had already made use of 
calculators exploring transformations of graphs and the 
periodic properties and symmetries of simple sine and cosine 
functions, and are aware of simple interrelationships, for 
example sinP+cos^=l. 

The teacher asked the whole class if there are suggestions 
for equivalent forms of cos 2a. The most popular suggestions 
are 2cos a and cos^ a. Then, the students were asked to 
evaluate these suggestions, in groups of three or four, and write 
down their reasoning. In case both the suggestions proved to be 
false, they should search for a correct one. 

Different strategics were developed by the students. In the 
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first phase, while some of them selected a particular value for a 
and calculated the cosine values for each case, others draw the 
graphs for each function. The calculators were used to find the 
cosine values and to draw the graphs of the functions. In the 
second phase, almost every groups used the graphic 
calculators* 

The students' work is illustrated below: 




3K.i^o »*2^0 tU % 1717 

c^7-)i^* ,1^0 c O S. 



«f bed %<Oi O.S 
<^«<0i 0-2S 



student 1 



student 2 




TO ^ri- Jo. c.-r. t, c^^. 



Student 3 



Hi2 

BEST eopy /iViisLO 
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The followlnfj activities took place at the Buiy Metropolitan 
College In a 11 th grade class and were designed by Barbara 
Hichmond and Peter Normlngton. These activities aimed the 
study of arithmetic and geometric progressions as well as the 
corresponding series. 

On the course of developing the activities supported by 
worksheets, the students worked in group and discussed their 
results which were summarised and documented In a follow-up 
discussion. 

AilQv they have geueratcd arithmetic progressions, using 
ralculators, the students were asked to try the following in 
their calculators: 

'2 ~>A EXE 
03 ->D EXE 

A EXE 

Ans+D EXE 

Keep pressing EXE. ExjAain ifi your own words what the 
calculator is doinc). 

Here It is a sample of students' work re|<arding this 
particular worksheet item: 




student 1 





lti3 




1 
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"D"?— >D 
Aa 

Lbl l:Ans+DA 
Goto 1 

This program, as well as the way to store and run it. was 
listed In the next worksheet item. The students tried it using 
several values for A and D. Information eoneerning notation 
and ferniinology of arilhnieuc funetlons were written on the 
worksheet. P'or eaeh sequenee, a formula for uj in terms of i 
had to be found and later generalised: 

For the sequence with Jirst term n. and with adding-on 
number d (which ^ee call tlw common difference), can you find 
a formula Jar the ith term? 

SpotMng a pattern or devisin^:, a formula for each sequence 
and then generalising were two strategies that students 
eniplt)yed: 
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student 2 



After this study about arithmetic progressions, the 
students were introduced to the concept of series. 

a) A series is the sum of a sequence. Take the arilhemetic 
progression with 1 as the first term and 2 as the common 
diXference. and write down (he values o/U]. Uj+»2. "j+"2+"3- 
etc. Make a tabic of values as follows: 

n ij„ sum up to and (uiHi,^ n(ui+u,^ 



including u. 



n 



3 



3 
5 



4 

9 



2 
-I 
6 



2 
8 
18 



h) lit'pcdl (i)for (hr srqurncr^ \itm worked u'illi. Do you notb 
(intithitifi? 

i ] C(ui !/oa write down a formuUt Jur ihc sum of the first 
terms (wich we drnttte >S„; nj these svqurtwer.7 
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d) Can you write this formula in terms of the first term a and 
the common difference d? 



Student 1 



5^ 



7^ 



Student 2 ' | '^<" '«-i)a) 

As illustrated above, the students coped well with this 
activity, although a few had to be led towards comparing 
columns three and five when doing the investigation In 
questions a) and b). A follow-up discussion of the proof of the 
formula for the sum of arithmetic progressions brought out the 
reason lor considering (Uj+u,,) in the investigation. 

By this time the arithmetic progression was formalized 
and later on the concept of geometric progression was 
introduced using a program, similar to the program which was 
used for the arithmet{(> progressions. A formula for the 1th lenn 
v/as found. 



Case Sludy 12 - Graphic Calculators m Mathematics Teaching 



At this point, some students tried to find a formula for the 
sum of the geometric progression and applied the same 
approach they had used concerning the arithmetic 
progression. It proved to be difficult! 

Based on the concepts studied, the students began to work 
within another worksheet focusing the ideas of convergence 
and the limit of the sum of a series. 

At the beginning of the worksheet, the students were asked 
to enter into their calculators the program (see box 1 for 
details): 



"D"?— >D 

A—>U 

U—>S 

IM ir SUM^ ":SA 

Lf-fS— >S 
Goto I 



Ui^a-^U" l)d 



After they had calculated the sum for several number of 
terms within various arithmetic prn|»rcssions. the program 
was modified In order to find the sum of lenns of ffeonietric 
pro|<res.sl()ns, Af*ain, the students had the opportunity to try 
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the program with several progressions and some questions 
were proposed in order to investigate: 

Do you notice anything about as n gets larger? 
What meaning can you give to Urn S^? 

Which is the important number which governs the 

behaviour you notice in the sum sequence? Is it a or r? 

W^at is the condition for Urn S,^ to exist? 

n— >oo 

Students found their way through the investigation, 
although there were diffcrenclcs between them. Some showed 
more facility than others. For example, it was necessary to 
encourage some students to calculate the sums for more than 
10 terms in order to investigate the limit and be sure of 
convergence. 

This approach allowed students' assumptions providing 
opportunities to test them. One student came up with the 
condition a (first term) < r (common ratio) for the convergence 
of a geometric progression, and was encouraged to test this out. 

Below and on the next page are printed some students' 
ideas of convergence to a limit and comments on the condition 
for convergence. 



Si:1 CI'* 



f rr Q : [t : 



Sy \1 M 
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Overall, the students enjoyed working through these 
activities and the introduction to programming promoted some 
students' involvement in using the calculator. 

6. Conclusions 

Several conclusions regarding the use of graphic 
calculators, the way students relate to them, can be drawn 
from the work developed. 

The initial period of becoming familiar with graphic 
calculators can be frustating at times but, as they were always 
available, students usually managed to overcome It. At ftrst, 
students experienced difficulties in breaking habits established 
on traditional calculators. For example, the necessary 
adaptation to the reverse Polish notation used on the Hewlett- 
Packard was not easy for most of them. There was a 
considerable mismatch between the informal concepts 
employed by the students and the formal language of the 
calculator in working with symbolic manipulation. 

Although a small number of students were reluctant to use 
any calculator, traditional or advanced, because they felt they 
were losing control of the mathematics, by the end of the first 
term nearly all the students were making confident and 
spontaneous use of the calculating and graphing facilities and 
by the end of the first year two thirds of the pupils were making 
spontaneous use of the programming facility. 

Students who had previously used traditional calculators 
t^ontlnued to use them for calculating, for example, the 
manipulation of fractions, even if they had became proficient in 
usln^.^ graphing facilities on graphic calculators. This happened 
otlcn in Uvo projec t classes where the teacher sliowcd 
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reservations about the use of graphic calculators. 

Regarding teachers' opinions, they were keen about the use 
of calcT'"itors, showing enthusiasm and encouraging the use of 
graphic calculators in their schools and local areas. 

Comparing the work in a class where every student has one 
calculator, and another one with a single computer in the 
classroom, the teachers noticed that students used graphing 
and programming facilities in the first setting in a wider 
manner than in the second environment. Even in classes where 
access to calculators was more limited they also think that 
access to graphic calculators is more supportive of small group 
exploratory approaches. 

By the end of the first year students were tested on 
describing a given graph in symbolic terms. The results in the 
project group were significantly higher than that of the 
comparison group, formed by students without access to 
graphic calculators or computing graphing. This test 
underlined other significant fact: females outperformed males 
in the project group while the inverse occured In the 
comparison j-roup. 

Proving the succcs that calculators had among students, 
they started to use thcni in other lessons and for private study 
and several pupils purchased their own graphic calculators. 
In the Autumn 88 issue of Graphvine. it is stated that: 
''Sketching a grapK for example, or finding 
numerical solutions to an equation, are important 
component routines within the process of problem 
solving. Using the calculators to do this quickly 
and reliably frees students to focus on the strategic 
and tactical elements of a problem-solving task. 
Equally, the graphic calculator can be used as a 
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learning aid, permitting the adoption of 
graphic ally -mediated appraches to new 
mathematical concepts and strategies. Many 
students found that such approaches made 
mathematical ideas more accessible in early stages 
of development and complemented the traditional 
symbolically-mediated approaches at later stages," 
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Integration of Algorithmic Thinking into the 
Mathematics Curriculum 



1. The school 

This work was carried out at the Gymnasium in Bad-Iburg. a 
town of 10.000 inhabitants 20 km south of Osnabruck in north- 
western Germany. Tliis gymnasium is a state school, the only one 
in this town. It covers seventh to thirteen grade students, that is. 
those that normally would be 12 to 19 years old. It has 650 
students. 

The gcrman "Gymnasium" is the type of secondary school 
which is orientated towards university. In a rural area like Bad 
Iburg. about 25% of the students In one grade are going to a 
gynmaslum. The decision to do so Is made by their parents at the 
end of grade 6th (in a kind of primary school for all children) 
consulted by the teachers. 

The Gymnasium Bad Iburg has 61 teachers on the permanent 

staiT. 

From 1987 to 1990 In each year, two of four parallel classes (of 
about 25 students) were Involved in the experiment. Since the 
beginning of the school year 1990 all four parallel classes in grade 
7 arc thought to be following this new approach. 
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2. Aims 

The main objectives of the activities described in this case 
study have been 

a) To use the integration of algorithmic thinking in the mathe- 
matics curriculum to help students develop a sound understand- 
ing of the concept of function (of several variables) and related 
algebra concepts. 

b) To give pupils, through the use of appropriate materials, a 
perception of computer operation and of the mathematical out- 
look of the automation of procedures. 

3* Material and resources used 

3.1 Hardware 

10 MS-DOS compatible computers were used. 

3.2 Software 

The software used was a simulation program for a Register- 
machine (RM). Before using the computer, in the first part of the 
school year, pupils work with concrete or imagined RM's (see 
below, § 4.). 

3.3 Other supporting materials 

A textbook for pupils is available (an English edition is in 
preparation). There is also a detailed teachers* handbook. In the 
classroom, pupils receive worksheets. The instruction material 
"Dynamlsche I^byrinthe" Is used to represent em algorithm as a 
kind of working flow chart. 
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4. Overview and cunicular context 

This experience is included in a curriculum project developed 
in the Osnabruck University during the past three years (1987- 
90). that will last until the end of July 1993 and is financed by the 
Ministry of Education of the Niedcrsachscn State (In the Federal 
Republic of Germanyl. One main objective of the project is to build 
and experiment learning situaUons leading to the integration of 
algorithmic and axiomatic thinking into the mathematics t iirricu- 
lum for grade 7 and 8 and the construction of a new curriculum 
and textbooks for the students. 

In the beginning of the school year. 7th grade pupils arc- 
introduced to the subject through the use of some models of 
register-machines. 

A concrete and unsophisticated model of a register-machine is 
a box with several compartments, called registers. 




One of the very first activities that could be proposed to the 
pupils is the following: 

Children are asked to imagine a robot that is only able to 
execute two elementary operations: I) to take one stick from one 
register and ill to put one stick in one register. They are asked to 
put 3 sticks in register one and 5 slicks in register two and »o give 
instrutions to the robot in order that, after some operations, the 
number of slicks in the reglf.ter one is to be equal lo liie number 
of sticks that were both registers before. This is just Uie 
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bf'Mlnnlrj);; of :i long proccHS when- tlie clilUlroJi. iiUcr playinfi willi 
Oils KM as a first step, will ijo on hulldlnf^ ackhn^ - inac liliics with 
counters and other blot ks and Invc ln^« small computer pro- 
f«rains (based on tlie referrcfl eleinenlan,- operations) lor solving 
problems. U Is Important, for the didactical appro.i' h. tlial (he 
students Iccim to represent an al^'.orilhm In dllTerent forms of 
(exlcnial} reprcHcnlallons. I( lifts been shown by rescareli on the 
'co/^nltive structures oral^*()rUhmlcal thinking that the pi ipiis have 
Individual ilifrereii< es in (he structure of the mental model whldi 
Is Induced by Ihe oflered (external) representations of an algo- 
rithm. 

I3y the middle of the school year. In a typical sltuatiofi In tlie 
classroom, pupils will solve a ^iven pidblem in two din'erent but 
mufually Illuminating ways: tin y deline a hiiicllon. noniially with 
several variables, to matiiematl/e the concrete situation ex- 
pressed by the problem, and they build one loinputer program as 
a simulation of the same situation. 

This cuiTlculum project has been accom|»anicd hv a research 
on the cognlllvc structures of algorithmical Ihlukini'.. conducted 
liy Dr. Inge S( liwank, from flie FMiischungslnslltul fur Mathenia- 
tikdidakllk. in Osiiahruck, 

The project started in August 1987 with two 7th jirade classes 
in (he same schcxil and has been expanded even- year. In 1989 
1 990. twelve 7th grade clas es In live schools were involved anrl 
in 1990/9 1 not only tluise classci are IVjIlowcd In the 8iti grade as 
twelve m \v 7th grarle classes h;ivc began Ihe experience 

hi Ihe 7(h grade, the mathematics t urrh ulum in (his .Stale 
includes statistics nnd probability I',? weeks), ticometry ( I weeks) 
anrl a.lgef>ra (:v.> v.eek;!) In (he classes fh.tf arc lolloping the 
pnijtn d ( uri i( ulum of (his project. Ihe v.h()le sub|c( t nf algebra 
and r.latlslit s Is repliu ed bv the new algorithmic and hmctinnal 
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ap|)ioa< li. 

T\\v jmjijrrt Is carried on al thr University of Osnabruck and 
licaded by prof. Cohors-Krcscnborg. 

5. Description of activity 

5.1« Teaching and learning styles 

a) 'I'he t lassrooui in the Gyninaslnni Mad Ibnr^ is a plcasanl 
and vvrll lllnmlnatcd loniu Willi srvrral r(m>4 ol labl(*s and a huy\v 
spa'^ p In ihr bark. In this spare. In nnr row and anatnst the* wall, 
(en compntrrs arc placed in snc li a way lhal Iwn pupils ( an work 
in eacli of thniL 

b) In a typical session, the teacher — in ihls (*ase iJr. Cbilsta 
Kanne will kiivc the [inplls one workslicet with some problems 
lo solve. Pupils will work mainly Indlvidnally. at (heir failles, bnt 
sometimes will clis(Mr^s their lindin^Js with the collea).ines thai are 
seated nearl\v, l liev are vrrv* inh^rested In their wrirk anrl cdfier to 
lind a sohUlt)n — lor example, a hmc tlon m| several variables 
mfkdelllnj^ a >ilven ^lt\iatU»n. 

( ) Alter some thiie. the te ar her will af^k if someone has lonnd 
a solution for tlie first problem, and srmie pupils answer '"yes" and 
tin lo the blackboard and write their hmctlons. while their cob 
leat^nes iioi^n liyin^ fo find their own sfjiutlons The teacher asks 
th(^ pu|)ils tfi eritlci/e the solutions written on the hhu klxiard. and 
each one Is serullni/ed. \u a disc Ipllned hut lively general dls( us 
slun. uith liood i ontributitius horn m^ioy pu|)lls. 

d) !■ Inally. several ditferent "^;n|nf Ifui^^ nre arr rpH rl and onf is 
( hr^srn for ( ompufer work In the uf xt ^>tep — to build a i omputer 
piniSrain n pi( sentifn: an aU;oilthm to comput** the vahu^ of tin* 
lunctlnn — jMiplls v/ill Wfirk In the computers in Umtip ; o| lv;n and 
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Will tak<' thai s<)lull(»n as llu' < liosi iiKKld lo \>v rcpivsruird »>y 
the computer proj^rain. 

c) If Xhv workshecl was not completely worked out In ihe 
classroom lesson, the pupils will fli)h.h It as homework, and their 
flndin/is will bo discussed In the next lesson. 

5.2. Record of activltic* 

II The follouinn is an (letual worksheet projjosed to 7lh j^rade 
pupils in the Gymnasium Bar) Ihuriii: 

Worksheet 

To he used In a school parly we have In buy holtles ol coca- 
cola. mlUfMal water and oranf'rjulce In a drink market. In this 
shop the prices of beverailcs are the following 

1 l)o\ ol eo( a cola (12 holtles) 0.8.5 DM prr boUle 

I lioN olTnineral water {\?. lioMles) 0.15 DM perbollle 
1 buxol uranue juice (TJ boUles) I T5 DM per Iwitlle 
For eac h bo.K a deposit of U.OO DM will be requested. 

a) Write the expression lor a Iniu IIcju that rompules the 
(\v;penses of the listed bevenn^cs. You must explain the 
meanii^i Im each variable included. 

I>) After lookttn!nt the rnrds of pievlfjus p.trtles. the st hool 
party romnnft^'c de» Ideil fo buy 'J'VA boffin * nl Iicvcra.i4r'^i 
hH ludiiu! 7 V>oxcs ol p M^ral water, H l>f>va»^ ol c (h a t rila and 
the icmalnlni: botth s lA (n K(e julrc 

Write nu^'cxpie^slort lo t (jni( ule the (-hark,e for all bevcrasicj 



IHO 
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1(1 bP paul lo the shop vvheii the bollles arc pUK hascil, 

() Write a KM profjrain thai allows the shop to (rompulc the 
rhar^e Tor I ho Ix^vera^cs. Yoii dont need to eonslder any other 
type of beverage. Identify the Input and the output In your 
program. 

Usln^ fhe prf^p aiii. ( ompule the t ust of tlie beveraues fc^'tbe 
school parly. 

(!) The piirty eoTnniisslf)ii eouiils on -IHU unfits. If the 
admission price Is tlxed at 2.50 UM per person, are tlie income 
from admissions (MU)ue.h (o ((uapeusate fur llie paily ex- 
lienses. H we tfike In ar co\nit the ( osl o! the beverajt^es and a 
( liar^e of^DG DM lo pay for the stafl (walltM s. waitresses vli )V 

e) ihe parly lonunlttcr derided to atljusl the admlr^slon 
piiee In Older l(> bulanee the parly exprMr.t s, Init without any 
profit. Usln^ Ihe previt»ns dalii. enmpule ,i new admission 
price, but ui?h aii tner(se.e over the previous pii( e ivA 
lhan what Is needed, 

2)Tlierel(»ltows a problem from a wiitten lest, and the answer from 
pupil Fabian: 

C^nesllon I 

In a wrltl( ii fe^^f , pupils wen^ jripe ^led 1(j uiite a |.»n»Uram |or 
rJir lolUnvinf! jnolilenr. |x, k \ — ^ VZ ^ x,). 2s. v 1. 
\lrir are two se|e( fed an Avei>. 
Martin f S.) ( AJ ( S A.) A A A A I 
l':il-wil)fMi. r, S,| ( S A i\ i\A IS AAA) I, S A AJ( S A) 
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a) Verily Hit* coneclness ol ihe aiiswcrs. 
I)) What Is Ihv t'aslcst i)ro^ram? 

now: the ansmTS of Sfavtin and Elisabeth arc lunitcn in tlw code of the* 
n' f lister nmchinc lanquriqr: if hv liaiv/or instance tax:) counters, 1 and i^ 
mul if tee < oun/ bakieards one by (uie in (unntcr 2. u^' wrilc S^IS tiieanf 
subiractisi0: ifoflcr this wc count foru^ard. one bt/ one. in counter L ux' 
u fite lA nwans addifu^); so, jot otw loop, tif' will wnte (S/i^l: but, to in 
du ate that we made as tnany kx>ps as necesmry until leyister 2 is zero, 
n e }viH write 

Fabian answer 



M;nMn's snlutton i . < Mnf* I and nn»iv<»vrr lir test the law ul 





I M l! 




Ellsabelh w>luU(.n Is comcl. U( aiisc she (.blalncd the Initial 
rcsnll. but she did not tested the law of distribution. 



b) 



MaihM s (onipntiitinn^. .lu- luster bnausr he u-rd Ihi- l;iv. ol 
th .hlbutiou and r«nuid the shoiic^t way. I v.as able lorhr. k this 
( (mipnliiiL; Ihr 

Kl(<abrfh (Minputatlt.n , aio ^l'»weT bf( aiisr sh" did not ir 
'^tititn hi rsfU In thf Initial !<■ ajll>. 

note; !?S iii"a»r . - •tif"!'/ ^M y * nuHU > \r,n^ H>^n. a haali..,, u d 



BEST y p^r * /'F^' t 
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(oiniJlfxlty ol (lu- ulMoiltlim). 

3) Aiiotlicr(|ucstJon froma wrlltcn test and some answers for item 
•1): 

"Din tlie proiirain (, S, A , A.^ one Is niissiiif*. 'lY) //[el a tlie 
proiii ani sinij.v correct there Is more than one way to place the ")". 
Infll( ate these ways. 

2) Whai Innetlons are ernnpnlecl In eaeli jiro^fvain? 

;j) For e.u-li program, wriie the analllieal expjvssion of the 
c■()^•f•^p()lKiln^; lunelion. 

4) f/onipare the \nifiii,v(i pro^jrani with the phrase "Kr hal niieh 
/n.i;nii',en,"(IIeasketl tosalutcl. Kxplalnwliy lnseh(jr,lniatlienial 
1( s It makes sense to work with j^ramniar as we have clone." 

Kfi'lmrma: -||ie |)hrase is ambli;uons. 'Hie luat ke? can he pnt In 
Iv.u places, Also in mathematics then- exist prfiurams that can be 
interpreted In rHllrivnt ways. In onlci to nnclerstand each oilier 
[...) wr nerd urainmar. We are able to |us(l(v t-aslly why soinclhln^ 
l'^ wroni.;. briause It df)e>in ( lollf>w this (jr thai rule. (. .IThlnkinji 
III Ihi^ phi.»si- jis an e.' ample, we can say that if Is ambliiuons 
l)r<,,nsr one • ornma is missing (...|. What I said (.aikl also be 
tipplled to pro/^rams." 

lir.: "Wemtisl reall/e bowlmporlanf Is punctuation. Tor In^tanf e. 
II we loit^dt to place one parenthesis (air program becomes 
ainbluntne., MM niaeJilne dfK sn l knov/ bow to compute and gives 
an error sliinal. Another possUilllly (s tint the machine eoinpnles 
fin'fxpn inpuh d bv U'. but not in dm way that we Inlend to 
cr-Mipule n." 
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6. ConcluitlouK 

In the classroom, pupils enjoy the work they are doin^* aiul 
show a ^ircal eonfkleiu c when they cJcal with some conecpts 
ronslclered clIfTlenlt for pupils of this ^«racle. 

Tile following extracts shows a teacher's viewpoint on the 
c\pcrR'!i(c: 

• l^nplls know iuiporlunt concciUs In the domain ofcomp»iler 
proM>aniinlnU. They know how to nsc. In the elcmcnlar\' 
environment ofRM lan^naf^c. interaction and tool y5roSranis. 
I hcy dcHnlnate (lchnfit.'lnji, (jpi .mly.allon of pro-ams (to v/rite 
huu lions to nu asnrc lliec tMnplexityofali^nrithms). modnlar 
l)ro^ranimln^*. notions of sintax and scnianlics. relations 
In twccn natural lanfiuane and piofiramniln.t« lanUuaHe. 
I...) 

Tlie( onccpl of hmcllon. In niy opinion. Is well cons{jlidalccl. 
Pupils are able to v/rltc or nunilpulalc funcllons (»f several 
\;ulahlcs. without any diflt ulty. Most Important Is that they 
do llils without ,»ny fear. For me. this aspeci Is a new 
dlscoveiy in the te.ichlnM (»l uialiiematies. 

l.-l 

Classro(jm uuiblence nun he deserihed as animated hut 
scrUnis. Many pupils are deeply Involved In the lesson and 
their interesi Is cxplieltelv shtnm. vSonie pupils are always 
makinm fiuestlons. uiinlni» a hotter undcrslandinu of the 
snhje( ( ol Ihcir sluily. and evaluating; their !caniln>iaehleve- 
ments. 

t...l 

hi thecnnipuk rrooni. In mv opinion. tiolsrissoMicllniC'^too 
L'icif I. I I nm sure Ih.dDic noise iModUfcdhy the maj/Mily 
ol fht pi. pi! . [ I Ir the !- -ult f<! *h' ' nlhuslasnj jnil In 
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rhaHrnjies raised by iUviv arUvHIes/ 

Pupils really understand the concept of functions (of several 
variables). In what concerns a]^.^,ebra, the experience has shown 
that pupils arc able to use symbolizatlon. As they learn these 
curriciilar matters throu^jh the use of computers and their pro- 
i4ranimln/:i. which includes the syntax and semantic ol program- 
ming languages and the complexity of algorithms, this additional 
items of the proposed curriculum do not cause problems in what 
concerns the fullfllling of the ''nonnar curriculum, 

"Pupils arc mueh more successful in the nonnal fields (like 
proportions, percentage, vaml problems)" as compared with con- 
trol classes, according to the leader of the project. 
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l.The School 

This rxpcTioncc was ran iod out at the sclonlllio Llcco G. I). 
Cassinl. a po^;t-conipul5ior\- education seeonclajy sehool. lii 
which students ranfjc 14 lo 19 years old. It awards a diploma of 
maturita scicntifica. prcparln^i ior university studies. This 
school is situated In the centre of Genoa, having about 1100 
pu[)lls and 90 teachers. 

hi th(» llrst year of this experience (1989/00) participated til 
students trom 3 classes. They had a,c;es from M to 16 years old 
;iud were attendlnf^ the first year of sccondaiy education. The 
exixM ience continued In the followini? yean with the same classes 
(now in the second year), considerln^^ new topics, concepts, and 
procedures. And new first year classes be^iun to be involved as 
well. 

There were no spei lal crilerki in the selection of classes to 
participate In the experience, which can be rejiarded as 
represenf alive of llcco population. The students come from an 
heterogeneous soelo-ei onomlcal envlronnuMil , mf»sl (A IImmu 
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Ix'longin;^ lu nilddlc class families. 

The two first years of Italian scientific liceos (forming the 
hiennio) proWdc a completion and a deepening of the subjects of 
the previous compulsory school level and provide the 
liitroduoUon of Latin as a school subject. 

As In most Italian iireos, mathematics Is regarded as an 
Important subject. In the first year, students have 5 hours of 
mathematics classes and in the second year they have 4 (but 5 in 
tlic experimental classes Involved in this experience). 

2. Aimg 

Computer science ideas were used to foster mathematical 
oljjccllves. hi a first ph<ise. from September to December, the 
students learned how to work In the computer environment, h 
was sought that they would draw out on knowledge acquired at 
previous school levels to: 

a) make conscious use of numerical calculations; 

b) develop abilities such as singling out and Iniildlng relations 
and con-espondcnces, generalizing simple situations, reasoning 
on abstract concepts, and using a rigorous language; 

c) use written materials such as textbooks and nuuiuals, 

hi a second phase, from January until the end of the school 
year. It was sought that students would: 

d) rccognij^e the variables of a problem and describe Its 
solution through an algorithm; 

c) use the computer as a "non Intelligent iuslrmiicnt and 
sliow flexibiUly in the use of programming languages. 
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3. Material and Resources Used 

3.1. Hardware 

In this experience were used 10 IBM PC XT computers, 
printers, overhead projector and data show. 

3.2. Software 

'Ilie soflware used was the spreadsheet Lotus 1 2 3 and the 
programming language Turbo Pascal. 

Ix)tus I 2 3 Is one of the most widely used commercial general 
purpose programs. As fn all spreadsheets, it enables to handle 
numerical data, generated by algebraic or transcendental 
tunctlons and relate data generated by different expressions. It 
also permits to draw the respective graphical representations. 

Turbo Pascal Is a quite popular version of this programming 
language enabling the construction of all sorts of mothematleal 
and non matliemaf leal algorithms. It Is widely used in 
Introductory Informatics courses at secondary and imiversity 
level. 

3.3. Supporting Materials 

For the computer science topics the students used 
):>hotoe()pied notes prepared by the teacher, including a mini- 
glossnw and worksheets. Also used was a MS-DOS pocket 
manual. For the mat luMuatical topless they used the regular 
lextbnok (HatelU ^< MorettL Matematlea sperimenlalc. Le 
M(umler). 
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4. Overview and Cunicular Context 

This experience was conducted by Ivana Chlaruftl, a 
secondary school mathematics teacher, as part of the activity of 
the GREMG (Gruppo Rlcerca Educazlone Matcmalica Gcnova» 
with Prof. Fulvla F^uringhcttl as director), which is canyln^ out 
the project "Integration of Computer Science and Mathematics". 

In Italy, the Ministry of Education is developing a new 
curriculum for the first two years oi secondary school whlcli 
contemplates the Introduction of elements of computer science 
within the mathematics program. Since 1985. a widespre ad 
program on teacher training in computer science has been 
undertaken. Now. teachers arc encouraged to design and realize 
experimental courses, officially supported. 

In this experience, the mathematics contents Included set 
theory and logic, binary relations, and tabulation of (unctions. 
The computer science contents involved notions about tlic MS- 
DOS operating system, use of llie spreadsheet Lotus 1 2 3. 
algorithms and programs. Pascal language, and ncjllons of 
sequence, decision, cycle. 

5. Description of the activity 
5.1. Teaching and learning styles 

Students worked in groups in the computer laboralon* (in one 
hour sessions). They v/orkcd as a v.-hole group in the classroom 
and. In the afternoon, worked individually at hnmv. 
In the Initial phase of work, the individual evaluation v/a<; not 
parllrularly stressed, and v;ab mainly carrl<'d orally. Later (jn. 
and lir-ving in mind the final evaluatlnn, Hems concerning 



IU2 

.J 




(•(mipiiter scienct- loplfs were Included in llie wrincn icsts. 

In Irarnln^l the MS-DOS basic commands. Ihe maferi.d was 

liist dclivrrcd to the classroom during the re^idar classes. 

Allcn-vards, In the comr-utcr lah. the students were ^Ivcn a 

v;orksheet specifying several tasks, such as lorinat a diskette 

a:id prhit a <llie< lory llle. 

This acilvHv was orj»anl/ed as 'M\ experience ol "suiTlvnl in the 

maMaiiement of computer resources". It was Intended thai the 
students should fid used In de<(Klifi.i> the Intorinatlon contained 
in wrllleti Instrui lions. Ihey had to read ihc task, look up in a 
uilni-filossan' the definitions of the new words, and check out In 
the manual the comnvands necessaiy to cxei tile It. 

!x>tus 1 2 3 was used for I hotir a week for colleclivc work, plus 
Ihe time retiuired lor individual revision. For example, in f,ne 
;„.llvilv the students were Mlvcn the sequence which the first 
term is 1 /a anrl the klh tenn is obtained subtraetlnft 1 trom the 
pr<.dnel ol the lk-l)lh term with a+I. Ihen. they were asked to 
cmstniet with paper and pencil the four llrsl terms and describe 
the behaviour of this sequence. Aftcn-vards. they were asked lo 
use the spreadsheet to (rr^ianlze a table to compute the first '10 
terms of the s. lUenee lor a--/2..i.4.5.6.7.R.9. slndy the behaviour 
„f the sc(iuences and tp.- to ^Wc an e.Kplanallon lor the anomalies 

evenluiilly found. 

The aim of the actl%ity with Lotus was to provide an easy w ly 
(,f introducing ihe computer. In a non sophist h at . d 
environment, before lniro'.hicln« the elements of Pascal. The 
, .asten- of l-o" was not a primary objective but mostly a mean 
of intnKluc'ua informatics. 

hi the sr, ond phase of the cxjicrlenec the snb|cct of functions 
v;,is sludlcd In flie hm'n.x^v of jieonictry (properties Invariant 
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• iiiiirr I'lviii trrufifiirinadritis). lit Uic liui^iiiagt nl ;y\^i \nn 
lirprcstiilution of vjirions situations and syinbolJc 
niiHilpuLuio:!). and In the language of hiloniiatlcs {liuhiUUiM 
ai^orHluns 5,nd Its rcprcsfntaf Ion Ui flow cliai's — In Italy also 
called Nassl-Srlint'Uh nnann < liaits - and In a programming 
l:»n)[iuagi-). 

TIk- pKiblrni tlirn become lo express a Mansfot niiUluii 
l>rrK'oss tlirougli a laMj^nage vvlrh certain < ltaracU'rl,stl( s jtist 
u^Utf.\ tlje concept f»f seqncnce. This Jnvr.lvcf! a caiehd study of 
lli€ variables of the problem. 'Iben. the problem was translated 
liil<j u I'nrbo Pas( al pro/iram. The analysis ol alMf)rUl)nis was 
iifterwards enlarj^ed. Including tlie concepts •>! decision and 
cycle, and the respective translations 

In this s( cond phase, the work was nnt so much guided step 
by step as In the Sirsi one. It was deeme<l advisable that the 
shidrnts should be enconra.t;ed to develop the abnity to or^'aiil/e 
Ibelr study and to assemble (he materials they have been 
provided with 

Holh rci'ular malhcmallcs ( lasses and laboratory- classes bad 
as ol)jr.ctlve to foster mathematical abilities and knowledge. A 
slgnihcant ex'miplr ol tlil.s Inlej^rallon was Ihe stress on the 
iulormal approach to real numbers, the problem ol lltelr 
representation and of approximation. The labonilory acflvltv 
•stressed the need of facing these topics and thus arldrd 
motivatton to learnln^^. Analo,iiously. {lie more sophisticated 
concepts of structure and closure of o|ierattnns arc approached 
(Informally) In flu liilormalifs envlronmenr. 

rhe most relevarU « haujic In the rei<ular class pattern was In 
the discipline. Students become more noisy and. at times. 
Insubordinate. They like »o dls' ie s ani'.n}' then, even when It Is 
nn r-s'^nry to l>e qiikM and follow the lesson of tlic teacher. 
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5.2. Kecord at Uie acUvUy 

In Xhv work witli I/nus I 'J :\. ihv llrsl lask i^ivni Intendi'd lo 
allow ail overview f)f lln* i>ossiblllUrs of iUv proj^rum. The second 
was roncelveil to present llie use o( ^'raphk s and (om|>l( te llie 
plrhirr rr^v^rdtng the notion^; In the students' manual, tasks 
three aiul lour r<'(iutrtHJ the searc h Ua' nion ( (nnpU x tornailas 
for iienrrall/hi^. proniothMi he*^ld(\s a complete aut<>noniy In 
usin^i the eomputer, 'l ank [i. Iodic aled hi the pre vlous seelloih 
v/as rei^laidetl as eonc lusK r 

I he computer was railed upon hv llie stud^ iits nwMcly 

in rlVirm lepelllive tasks. And the leaMid used i\ in suess tlie 
dlllf'ienee In'tween label and value and the diHcMenc e between 
absolute anrl rcMa(lv(» eopy tanphasls was st y on (lie iollouin^ 
obs(Mvallons (a) Iraetlons are apiiidximaled bv a deelrnal 
iiurnbcM , (b) approximations ol dlllerenl numbers c riii piodui c 
the '^^MUne r<\^adf . and (f*J vrrv lare.r »iod vciysordl numljers (In 
abs ilutr vaturl are not .i( (eptrd bv the computer whleh uoes In 
overlhvw and underllow, II Wcjs tkliserved tli at llie eomputer ts 
oulv able to rejirc^seii^ numbers p\pres ;i*d a^ h aetluus wIkjsc 
ilenomlnator li^ a power ol 2. Otheiulse u will approxhnate and 
eause pn^blems ol propai!alion of err«»rs. 

II Is ivW that new and old kUvis tue learned cpiile in the ' anie 
v.'tiy. Nevertheless the moUvatlon ollvred bv the eompoler nirike^ 
a diffeienee in snnu' loplc-s 

Stude nts did nol enenuotei pcirtleular diltleultles, J iie major 
proljkni is that they are not able In C cUiy no? an uutlvldnal 
refteeflnn alter the iesson il Ihey do not bave .\ eoiupuU r at home. 
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6. Conclusions 

llilri pH>K'< I nulcavdiircd aS'^riiibU tflras i oinluil houi 
h wiks. (IVMi al h iu lirr n.ihiim: ((uirscs. ainl .nislnM hoin (he 
rrrirhcr ^ rvprrinu c anrl rrlltrllt)!!, In order lo sel up a workribk' 
tuirtfiihitii I'aiihnlar allriiflon was >MVMi tfj (hCiUr ul the 
HMUnns an<l miif < tt'iK li aiui \\\v ^.vWvWow n\ rwn-i^.v^, (in a 
t!iailMal tru l iA clilllf nU>). 

tlir main nl>|^( Hvf s (•! fhi - i vpi i tf urr unr |itrvahMilly 
in all inalK ril Id (Irrprvi tlu* iiiuh r*;t.melln)il nl uialiitMiuiUt iil 
(oiut pts aii'l Ideas, cmpha-a/liiit an tiU;nnlhuil( Wrwpulnl. Ilu it- 
\^ a cluaiK'^* in llu' liadUhuial Uaw^ from rxtslcntlal lo 
i Mnipnnni\ and prolilt iii siOvlnu malhrmatlt s 

\ \\v snidriUs ( nn ildrrcd thv woik Intrrr.ahm l^if dtllii uU In 
parlKailar. Ilr' scroml pacl. s|nilail> llu f fuKt pt n| ^ yrU . uvkU 

hr (Uncial wd ar,ani In Hit m ^ untl vrai 

AKordlnt (n Ihc h ai lu is. tlic (•xp(»nrn(t' ^lunvrc) Ilia;, as in 
irijdai inatlu niall( s rla^sr ^. iUv stnd? nts c an df» aiUnnnnKnis 
u »rk In KiuUnr rxc n im's Imt. r xt cp^ It v/ i^ftt d ^tudriHs. 
iIh A iwn II n( i d Uu' tnlrrvrnlifin nt (he {raclirr tn l^r able lopr 
v/illi inure dililt nll pi^f.^h ins 

The Uai luib felt llial tlierc was die need ti ^(kxI ( o(»peratlnn 
nl Hie enll(«aunes v/hn will be in < bame mI Ibese sUulrnK in 
^nbsr^pM^nf years H il Is iujI fakui into ai rfiiml tba^ diey have 
;^^li:r.v(.'d a iWlh it \A t inriruluni in (be- ' tw'if >ear lliev v/ill be 
•-!ifU:dy bandhapped lliey al^^» lell ?b a ritr wnfral atilbfirilv 
.t firbK iMf»!i ^-iHinlfl n>.d:e enfupid'^ nrv iimo\aH* t* rtnneida 
i c^nteinplUliU': t<imput.er .. In their vieu. \\v expeiicnu- i<ni be 
K e uded a^ *aH t e-^ -fnl b^ • »ee ' 

-if .Mr-v.ris \\n ihv'd ol n[idabiu; mafbein iH' - k a( bin' ?»n 
il. !e.b' ' - .V u { bh^lo. 
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fosHMs a >it*nnal n tU c lloii and rr siyltnt: ul malht luatu h 

It adds uuillvalluu tu uiiilhrniaUt s tra( hint'; 

II allows Id liy Htnv apprcuu lu's t() dllltrull ( ^in fiUs h a^ 
rral nnnilxi^. ajjpro\imulh»n. cUisiirc and slnu lnn ; 

— H had^ fo (on^ldrr rhr hrurlstir mrllKuls antl pjoblT in 
»f>lvlnj'; a{thlllrs usually Jiiiuli (nnnidrrrd tii Italian 

inallM maflf-t classt 



1 



Cisc Study 1.5 



MocHin^ in Uie 
Teaching ol Malcmalics 
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MixU'lhii': ill tlU' 'ronrhinf» nj' Mai ht-iuanirs 



1, The school 

riir iii(hI<'Hii/l;( • K'l' rn-'i Ui \h'v.< sttidy v.« it' » ondiu U'd In 
rl»r llcjiiiami Wi-;s"lhik t nlli-uc a pi..It '.laul si hoc! sUuiitrcl In 
/»i>i>U IV. TM, a v,iMlt)iy '•itdnili el Am-K-rdaui. Ih'" 'ifw i.d k vi l til 
the pupils is lurditiiii U* Ihr si h.is I H.K» pupils 

loni U vcIn r,i s'.M oiid.irv edin .dii.ii ,!!.• pu-.-cnl In liils i t li'ifl 
(lvinii:runntdirrt-i atr-.'. »MUir I'liiwM -ny). N'\V( ) J |AV( )(liw»,lu-r 
iM iu ral M liM/.lnid!numtl." t^.!ihr,r,uif) .irid MAVnd .wrr jrnfial 
^, lu.<i|cnd(nt:ii' llif'id, j;,aclt |. lIu-puplK in thcrlass atldir^st d 
ill iIiIm shidy hcli.nu so iiiv VWU and will nf>miaily niuiniakr 
milvfrsily shulii-. and ai»- at tlir at'r nl 17. 

2. Mni?i 

Ihf adlUiir. dt-riil)rd in llil- i w -v « Pidv liau' ill. main 
ri'.'lvrlivf t'l ludj rnu ^Uid( n«'^, 

M rr.dfvrlfip (h('fapa( ifit- .nl nialh-mati/inL' « c.m( ic" •.Ittiatifin.-. 
thiMUL'li rlu' huilttinu and I'-.liim o\ iinlli»'m itU al !n(»dr-l'.; 
:'l fu f:,im t >.p: ririur in die wm J. uilli ^aii'>M-. kind nf m'.-trl -. 
api'n'pnaK' l"i ilif f|n.tutUatlvi.' anaK'd ••! pliciciiiciia. 

:mi I 



3. UMtteiild msid icttourccfi UMtii 
3. 1 ilardwMie 

f)iir chts'sionin uilh I Ti MS f M . ( oiafMtiMr coiiiinitri u1(h 
rotour monitors were uiiCd. 

ri.2 Softwure 

Dvrhiino i . ;t laniM mjm- fir vflujji il In} hiji MUMpMh i a* t«*inv. \\\ 
(lieMa^^Kieluissct- iiislitiiteorirrlninlfa^vhy [•'orre^-;t()r In fhrend 
ol (he fillies. Ixitt^r a vei ^Inn Uw V( uas (lev(*l(i|jecl. ( tilled Micro- 
tlynanio Tin* j)rfu!raui Vl'-!|vnaiiH> K l>ase<l fui (his lani^naM^' '^nrl 
\^as (Irsimied bv fiel Van lllf^klaiul at the Fiee lintversily nl 
Anifilerdam ulfli the aiin ol beliu v;ell suited fo use )m ediu adon 
VI tryiiaiiu) rdlovvs die n<>ej U) make inadieiiiatlral iiifKlels lo 
Ntudy systems of vai Uni^ kintls. [^ij>lls ( an wtnk v.idi pre exislinii 
nifnk^ls. iiifnllfyin^* die e(|na(kur-^ eonstantf. or the inlllal ftafa. or 
i wu hulid models from sf rtiieli. 'Ww output ol die |)rouram mv 
uraplis and tables deseribiml. Che behat icjur of tl e mrKlel. 

3.3 Othrr supporting nifttcrlals 

Stnfl( iits va^e a bandbnok Wn ludine \«irifins kinds o) models, 
uldi proposals aUfI siu^uestlons lor atdvltie^ uidi each morlel 

4. Overview and currlcular context 

Ibis atllvil) Is Pch I of a LtovenmieMit projec t ( ailed I'KINl, In 
Mils |)i(^W ('f '.evend exi^erloienf^ ar(* beliiy umdnelc d iti onh r lo 
' laliiaae the possibility n\ .n\\\v nindiMrattfuis air! the sullabllitv 
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i>t iM >v Iliciin s Ui Hii' ( unlrnluiii Fnr imiiIIichiuIK s fhi'U' nrr (w«t 
|)n.|C( ts. One Is sfatlsllcs and the other Is System DyiKinilcs. This 
means a melhiKl <•! sliuul.iUtiu lor the siucly (if Ihc slnu hire iiiul 
hehavl(nir()fsyslcmsliiv(»lvljij»lee(lhiiekltK»ps. ThlsKanewtretuI 
In the le;i( hlnj.',()f inallieiiiall' s In seeondary eclueatkm that is now 
l)elnj:» studied In several countries. 

This lMJ« h ex|H iiinenl uilli the aim of verlfyinfi if llie 
Ij.iekai'.eVU Dynamo is well Milled to the leaching of t hat subjeel- 
matter In 1 Ith/'radeelafiscs starled In K)HB/HO with two lllh 
urade classes. This year [V)H9/^'i^ two new elasses entered the 
esperlment. with six leaeherti now involved In leaelilnji System 
Dynamic s usin^ VU-Dynamo. 

■Hjee\|ierirneiit hasi>een{(indii(iedinlhesilream..{leelnii''aU 
of the Dutch secondaty school systenr. next year it will be 
expanded to the siream 1? (humanilies). 

5. Description of activity 

5.1. Teaching and learning otylcs 

ill Ihc snl>Jerl U lau^hl for appro.^mately 20 Icssnns. hi the 
first 10 lessons, students work on the llrst models of the hand 
l)(iok, (levr!!'pin^ the aetivltles jjroposed. These consist chielly o\ 
ehani4lm« tlie \ allies of parameters and niaklnji ti her small 
nKKlinealions.Te.ii hers follov/ tlie work, make nev/ proj.iosals. and 
eoi.diicl class discu^sloiui where appn>i>nale. Pupils spent mo>l 
of their time on the eonipiner. working in groups vf two. rxpcrl 
Hienllhjif. fi'^infi and ehaniiinU values and askiIU^ for i^rapir. and 
tables. 

'Ihrouijh the expertmenls utfli dillerenl models, siuden^- 
hvilhx tu uiK.lt i stand thai several models have the same siruetuie. 
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In flls(liij«ulsh iM'Uvt'cii sfablf uikI luislablt- tmiHUji liun ami to 
rvrujinUi'. the (JlfftTcncc Ix-tween linear and exponential ^;rowlh or 
■ ieeay. 

In the second series of 1 0 lessons i- more complex nuKlel Is built 
and Hlndled and the teacher 0ves a more detailed explanation ol 
how a complex ktnd of okkIcI Is built. In these lessons students 
beyUi to be more ( (nilulfnl and take m(»re Inilialives on die 
inwlllk atlon of the models iuelnded In the handh mk. 

h) The eoin|)ulcr anrl VU Dynamo software are u?;ed as tools, 
and the pro^^rammlnn aspect Is not sliCHsed at all. The emoliasls 
Is put iin the process of modelling. In Us several aspects and 
j)hases. 

5.2. Record of activitjr 

a) The coollng-off of a cup of coffee 

This is one of the first models invest ii^ated by the students. The 
concrete situation to be studied Is the c(M)Iln^',M)irnf a cup of eollee. 
It is natural to suppose that the decay of the temperature of the 
eollee depends on: 

• the temperature of the eollee 

• the temperature of Uie room 

• ihc shape and other cliaracterlstlcs of the cup 

The model bulll in the VU-Dynamo pro^^ram follows Newton's 
law. that says that the eoolinii-olf speed is proportional to the 
difference l^ctwccii the eollee temperature and the room tempera- 
ture. So we ran see that the hi^iher the temperature of tlie roffee 
(he faster Is the < <K)llng-spccd. but at the sajnellnie. ilie faster the 
coollnj'.-spred the lower the temperature of fhfcoHrc Onmr more 
(jf these leedi)ack-lnops are always present in the models studied 



1 ■■ - 



sSin<t> Hj MtKlfllii^, m ihr if.M hlngufMathciiullcs 



m Uie handbook. This Iccdback-loop ciai II rcprcsonied by iho 

•I 

loflctMimp. cooling^offspccti 



The cciuatlons dosciiblnfi the c cKjllnft-oIT process arc 

f:offce r: coffee - dt • eool^speed 
cooL speed a constant * (coffee - room) 

hi the st reen. the proj^rain lo simulate Ihls process appears as 
lollov/s; 



-•',.-1 ■2:■ 
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• \Vv ^tv lhal In this examph* the Initial (line with letter n) volWc 
icmpcralurc Is set at 90 dej;recs» ihc room temperature is n.\(xl at 
20 degrees and the eonstant of the cooling-ofT speed is fixed at 0.2 
(lines beginning with letter c). 

• 'Hie lines beginning by 1 are reserved for the expressions giving 
the level of one variable as a funetion of time. In this rase* eofTee 
M'mperainre as a funetion of time. 

• The line beginning by r denotes the expression defining the rale 
:)f (*hangc 

• ! iie lines beginning by Ihev/ords SPEC. IM^IN'J and IM.OTinean 
the data the student is asking the program to eouipute and show. 
In this ease, student defines the step dt as 1 seeond. and thenpi)er 
limit of the t Inie as 20 seconds. I le is asking Ihr t he printing of the 
eoflee femj)eralure and of the eooLspi^ed eveiy two seeonds 
(prtper::^2) and also for a plot of the eofTee and roouj temperature 
and of the ( ool-spced In the range (-100. 100). 



0 



20b 



AftcT a <reUim> by the user, the requested table is displayed: 





COffff 








71? OOO 


-U.CC'O 






if 0. two 




















d cc:c 












30. ceo 








20.rOy 


0.06? 






t J , CO" 


C.CiG 


if-.ri.:o 


















J). El--' 




-O.ICl 



In this exatny)le. students ean change the initial temperature 
of thecolTee. the temperature of the room and also the value of the 
constant and Investigate how they intlucncc the process. Sure, 
they ean also modify the e(|nallons, if they want to try a dllTerent 
model of the eoollnft-olT process. 

bl An ecologlcftl model 

Towards tlie end of the twenty lessons, a more complex mcKlcl 
is Investigated by the students. In the Kalbab plateau, the 
development of a deer population, threatened by mountain lions, 
depends on the fomi available on the plateau. Students study how 
v;e can progress from a simple model to a ver)' complex one villi 
several lccdl)ack-lof)ps. and learn I he process of designing such 
nuKlcIs slej) l»y step, hi this cast*, the steps are five: 
1) Onlv {\ir ilvi'v i)opulatlnn ts cons!d(*rrd. 
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2) We add a constant number ot lions and they live by hunting deer. 

3) The number of mountain lions is variable — they are bom and 
die — and the government creates a premium on killing lions. 

4) We add the food to the model. 

5) The amount of food is variable, as a result of extreme grazing. 
So the killing of the lions, increasing "too much*' the deer popula- 
tion, resulted in extreme grazing, less food and a decrease of the 
number of deer in the Kaibab plateau. 

5.3 A written test 

After 20 lessons, students did the following written test: 
The Ubraxy 

The number of books owned by a library is not always the same. Each 
year there are books damaged or not returned. Other books are taken out 
because they cire replaced by new ones in better conditions. The library 
receives also a subsidy for the acquisition of new books. 

For this situation we can design the following flowchart: 



book prices 



? ^ 

subsidy O ^ #^ / 

^ % book 

acquisitions 

o i 



number ^ ^ books break 

of books ^ ^ down 
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As you see in the diagram, the number of books is a function of two 
variables, the book acquisition and books break down. The first one is a 
function of the subsidy and of the book prices. Question marks can 
represent a + or a 

•1 Make a copy of the flowchait. replacing the question marks by the 
correct signs. 

One library has 5000 books at 1st January 1990. Experience has shown 
that each year, for several reasons. 20 % of the books are removed 
completely from the library. City Hall gives a subsidy of 15000 Dutch 
gulden each year. The average price of a book is 30 gulden. 

•2 Make a forecast of the evolution of the number of books . Justify your 
prediction. 

•3 Copy the following grid and fill the blank spaces 



year - books 

0 1 5000 I 

1 i ' 

2 : i 

3 i ; 

4 1 

When we are dealing with a djmamic model, as in the case of this set of 
books. VU-Dynamo can be a good support. 

•4 Write a dynamo-model called BIEB 1 to simulate tlie situation of this 
library. Make a forecast of the results with a graph and a tabic. Let the 
model compute for 20 years. Run the model and revise your answers to 
quesUon 3. Save the model with the name BIEB 1 NN. where NN represent 
the two first letters of your last name. Print the progam in paper, write 
your name and give it to the teacher. 



out in 
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•5 Make another choice for the Initial number of books, for instance 
10000 and 15000. Study the development of the books. Write your 
comments. 

•6 The number of books seems to stabilize around 2500. for any initial 
number of books. Why 2500? 

•7 With a new management, books taken out of the library' decreases 
to 15%. What is the new level of stabilization? Explain your answer. 

•8 Use now the new model and revise your answer to question 7. 

Every year the prices of the books raise 5%. and the subsidy increases 
500 gulden. 

To understand whai are the consequences to the number of books we 
need to make some changes in the program 

•9 Change the initial model BIEB 1 in order that it includes the book 
price rises and the growth of the subsidy of 500 gulden per year. 

• 10 Find, for the modified model, the new results for the number of books 
of the library. Write your conclusions. 

Save the model under the name of BIEB2NN. Print the model in 
paper, write youj name and return it. 

The City Hall decides to give at the 1st January 2000. an extra subsidy 
for the number of books in the library on 2010. January 1 to be the same 
as on 1990, January 1. 

• 11 Use the model BIEB2 to find the value of the subsidy. 
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6. ConclusionB 

The students are motivated doing modeling with VU-Dynamo. 
They ask for more time to have the possibility of working more 
deeply with the program. 

Pupils are eager to work with this new subject matter that is 
to some extent difficult. They feel this type of work as a challenge, 
and this is also true for the teachers, because for them this subject 
is also new. 

The use of the computer with this program allows the study of 
concrete problems not analytically solvable, because the com- 
puter makes numerical approximations. Another advantage is 
that the results are shown not only in tables but also as graphs. 

One interesting feature of this computer use is the changing of 
perspective, from the solving of equations - in this case dliferen- 
tlal equations - to the set up of the equations needed to 
investigate a given problem situation. This is the case when 
students build and modify models of the situation with VU- 
Dynamo. 
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1. The School 

The Sancta Maria Instituut is a comprehensive secondary 
school located in the Flemish part of Belgium, at Deuene in the 
suburbs cf Antwerp. It is an ancient school founded 160 years 
ago. Nowadays, the school has five hundred students, ranging 
from the 7th to the 12th grade, in classes of an average number 
of 20 pupils. The grade range corresponds to the Belgian 
secondary' level and pupils are aged from 12 to 18 years old. The 
students' social background is mbced but mainly the parents 
are from the middle class and several work in commercial 
businesses. The pupils intend to follow their studies at the 
University. 

Regarding the 80 teachers currently teaching in the school 
not all of them have full time occupation within this school and 
several teach part time in other schools as well. 

The Sancta Maria Instituut is a free school, one of the 75% 
of the Flemish secondary schools which are not attached to the 
state or to local authorities. It is run by Catholic Education, a 
branch within the free schools. The school is for girls only; this 
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is quite common within the Catholic Education schools. 

The school management is free to plan the purchase of the 
equipment and to draw up policy regarding educational issues. 

Five years ago. the first computers were used in school 
activities and presently there are three computer rooms 
equipped with either 10 or 16 computers, and rooms with one 
or two computers assigned to specific subjects. 

The computers are currently used In informatics, 
mathematics and sciences classes. Three mathematics and 
three sciences teachers use computers within their lessons on 
a regular basis. 

2« Aims 

Particular and more general curriciilar goals were drawn by 
the teacher for these activities. 

a) To foster the understanding of concepts related to 
functions such as domain, limit of a function, asymptotes and 
derivative. 

b) To deepen pupils' understanding on monotony, namely 
linear and exponential growth. 

c) To be aware that linear and exponential functions can 
model and approximate real world phenomena. 

d) To enlarge the understanding of linear regression. 

3« Material and Resources used 
3«1« Hardware 

During the performing of the activities 10 PC compatible 
computers with 640K RAM and mono-chromatic monitors 
were used. 




('.[<•■ Sliidv Ifi • l.liitMr and F.xpiincrili.ll Cirimlli uilli Mnih-liim Timl 



3.2. Software 

MathCad is a program that features several facilities. It can 
be eas:ily used for modeling. It deals, for example, with variables, 
formulas, text and plots, showing some similarities to a 
spreadsheet. 

To illustrate the MathCad facilities, an example is described. 
This example is the file that students worked with [GROBll], 
when they first studied linear and exponential functions. 

The following problem was written at the beginning of the 
file: 

"Each of two brothers purchased a pony, on the same day. 
One month later they compared the weight oj the two animals. 
Hans' pony increased 10 kg whereas Wim's increased 25%. 
Two months after the date of purchase they again compared 
the weights and they were equal. Han's pony was 10 kg more 
than in the previous month and Wim's pony showed an 
increase of 25 %. 



Search for the weight two months after the ponies were 
bought." 



n:=0. 


5 










H (n) := 


:40 + n.I0 






n = H (n) = 


100 


































G:= 






H(n) 


























































40 

( 














< Fill in > < t^ess f y 


) 


n 


6 




and check 
your result > 
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The variable n is defined in order to assume the integer 
values from 0 to 5. Belov^ is a plot area where a line graph is 
drawn. G is defined as a matrix, to be completed by the pupils 
with the various weight values. The message on the lower corner 
on the right instructs Mathcad to perform the calculations, 
printing tables with the values of n and H(n). 

3.3. Crther Supporting Materials 

The students were given several worksheets reproducing 
the MathCad files screens, where the problems were written 
along with incomplete tables and graphs. 

Measurement tapes were also used. 

4, Overview and Curricular Context 

Gcrda Tlmmermans was the teacher who designed and 
carried out the activities, during the academic year of 
1988/1989. with several 12th grade classes, usually with 20 
students aged 17 years. Nowadays, she is working at the 
institution in charge of the introduction of informatics into 
schools, all levels but universllary. belonging to Catholic 
Education, the Pedagogical Steering Group for Informatics in 
Catholic Education. 

^he people working within this institution, responsible for 
grades 10 to 12, did a survey trying to identify the 
mathematical subjects and software more suitable for the 
integration of informatics In the curriculum of mathematics. 
The development of materials and the implementation of 
teacher training courses followed the survey. The activities 
described in this case study resulted from this work. 
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In Belgium the number of weekly mathematics lessons is 
variable, from two to eight, according to the university courses 
that pupils intend to follow after leaving secondary school. 
Some classes spent nine lessons of 50 minutes to perform the 
activities using this software, covering topics such as staUstics. 
whereas others only took three lessons. This case study 
focuses on the first five lessons, corresponding to the aims 

stated in part 2. 

All the mathematical themes studied in these activities are 
related to linear and exponential functions which are curricular 
subjects within the Belgium curriculum. 

Pupils were Introduced to several problems, some of them 
based in real world situations, and each problem had a 
corresponding file, already set up by the teacher, which 
modeled the problem. ITie students keyed into the computers 
the suitable data for later calculation. 

Pupils' prior experience in using computers included the 
introduction to the PASCAL programming language, during 
the informatics classes in the 1 1th grade. Besides this very few 
students had prior experience in using computers at the school 
or even at home. 

5. Description of activity 

5. l.Teaching and Learning Styles 

All the activities were performed during regular lessons, in a 
computer room or in a normal classroom. When using the 
computers, the students were in groups of two and each group 
had one computer available. This was the most common 
environment. The need for discussing results, that the various 
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groups obtained, led to whole class debates. 

Although all the students were working within the same 
subject, the problems they were trying to solve could be 
different. Later, they exchanged the problems in order to work 
out solutions for every proposed problem. 

The time spent by the students at the computers doing 
routine tasks was reduced to a minimum. They only had to key 
In numerical data, use the arrow keys to move the cursor and 
the F9 key to instruct the program to do the calculations. The 
remaining time was dedicated to reason about the problems, 
discussing several issues. 

Helping the pupils whenever necessary and fostering 
students' discussions and mathematical communication were 
the main teacher's roles during the lessons. 

5.2. Record of activity 



In the first lesson, pupils were given the problem about the 
weight of the two brothers' ponies ( see 3.2. ). After filling matrix 
G, and pressing the function key F9, the screen displayed: 



n:=0. 
H (n) := 

100 

H(n) 

40 


.5 

= 40 + n.l0 


n = H (n) = 

40 0 40 
50 1 50 

^- 70 3 7SL 
80 4 m 
L^qJ 5 90 
< Fill in > < Press F9 










































































and check 

^ " your result > 



220 



Case Study 16 - Linear and Exponenlial Growth with a Modeling Tool 



After some comments on the linear increase, the second 
part of the problem was approached in a similar way. Below the 
statement of the conditions, students were asked to calculate 
the values for monthly weight, to key them into the computer 
and verify their assumptions. The concept of rate of change was 
underlined and the students were asked to verify their values 
for every month. This kind oY approach provided the 
opportunity to discuss the similarities and differences between 
linear and exponential growth, as well as the analogies with 
arithmetic a nd geometric progressions. 

Wim's pony has a different kind of increase. Lets study it. 

The initial weight was 40 kg. A month later was kg. 

If we divide the weight at the end of the first month by the 

initial value, we obtain the I^TE OF CHANGE corresponding 

to the first month. 

a:=40 

b := a + a ■ 0.25 
c := b + b • 0.25 
d := c + c ■ 0.25 
e := d + d • 0.25 
f:=e + e0.25 

< Fill in > < press F9 > 

The rate of change corresponding to the second month is: 
F2= £. F2 = 



The mathematical model was then defined as a discrete 
function with a given domain. 
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g:=1.25 
i := 1 ..6 
W(i):=a'gi 



W(i) 



40 




Later, students gave several values to the variables involved - 
initial value, time step, weight increase (linear) and rate of 
change (exponenf.al) - and plotted the graphs. They were asked 
to change the context to population growth. 

A more formal approach to exponential functions followed 
focusing on asymptotic behaviour. Regarding the following 
graphs, pupils were asked to write down the equation for each 
asymptote. 



x:= -3.-2.75, ..3 



f(x) := 



rj^X 



g(x) :=2''-f 2 



f (x ) 



•> 





















10 





0 

• ^ - 

- - ^ - . 

#V 
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h{x) :=3 - 1 



30 r 



-3 



1 






























.. 



12 



1 (H } 











. —v — 

















In the next lessons, students were given several problems 
based in real world situations which can be modeled by 
exponential functions. They spent two lessons solving these 
problems and a third lesson to discuss the issues which arose 
in the previous lessons. Each problem had a file for students 
use. v/hile solving them. Pupils choose the order for solving the 
problems, thus not all solved the same problem at the same 
time and sometimes groups helped each other in order to 
clarify colleagues' \iews. 

Here is a list of the proposed problems along with specific 
questions and comments on possible further developments: 



I - Cellular Division 

Every cell in our body , and there are millions, has its origin 
in a single cell This increase is possible through cellular 
division. One cell generates two cells with identical DNA 
structure. Find out the function that models this 
phenomenon, how it increases and how many cells are there 
after ten divisions. 

Instead of having one call at the beginning, assume they are 
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32 and compare the two situations. 

This problem caused some discussion, especially In the last 
part. At first, the students were surprised about the big 
difference in the number of generated cells between the two 
settings, for equal time. 

2 - Population Increase 

By the year 1650. the world population was approximately 
500 millions and was increasing 0.3% each year. 

Is the growth exponential? What is the value of the rate of 
change? 

In 1970 , the population of the world was 3,600 millions, 
what was the rate of change then? 

Back to 1650, how many years did the population take to 
double? 

When did the population reach 3,000 million? Since this 
year, how many years did the population take to double? 

The Earth has. approximately. 4 thousand million ha of 
cultivable land. According to experts' opinions, each human 
being needs 0.25 ha to provide the necessary food. In 1965 
there were 3 thousand million people and the yearly increase 
was 1 .8%. When do we reach the maximum population? 

Pupils were given graphs with the Carr-Saunders/Wilcox 
and the United Nations estimations, since 1650. as well as the 
U N previews, till the year 2.000, and the real population 
increasing, from 1800 to 1970. They were able to relate 
theoretical approaches with the reality. 
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Half-Life of a radioactive substance 
The archeologists can tell the age of a fossil skeleton from 
the number of radioactive atomic nuclei 
h(i):=No.2-^ i-ti/p 

Nq — number of radioactive nuclei at the initial instant. 
f( — amount of time since the initial instant. 
h(i) — number of radioactive nuclei at time t 
p — half-life of the radioactive substance. 

1 . For a Radium isotope p = 22 years. 

If there are now 1,000 radioactive nuclei hoiu many would it be 

2. 44 and 150 years later? 

2. Within a substance, there is a radioactive elenwnt with p = 
1590 years. From the analisys of the substance, we know that 
No = 118. How old is the substance ifN(i)is 59? And ifN(i)is 
113? 

3. Plutonium-239 has a half-life of 24,400 years. Plutonium is 
the most important substance for nuclear power stations and 
atomic bombs. How much time does it take for 1 tonne of Pu- 
238 to be reduced to 62.5 kg? 

The next example was about electrical condensers and the 
discharge time. As with the other problems there is also an 
exponential law. in this case for the variation of intensity along 
the time. Within the files, pupils were provided with the formula 
expressing the law and the meaning of each variable: 
-_t 

I(t)- 1^2'^ 

I(y — initial intensity. 

T — time required for intensity decreasing to half, 
t — time (independent variable) 
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As the electrical charge, is /x t, it was possible to 
approach the problem from this view. Pupils were asked to 
calculate the total condenser charge by computing the areas of 
rectangles defined in the function graph. To implement this 
approach, students were given another file, A new function, J^. 
was defined in order to compute approximate values for the 
electrical charge. This function was defined from a partition of 
the interval [0, 70]: 

i := 0 . .n (number of intervals) n = 30 

70 

dt:=— (time step) 
70 

t i := i ' — (lower end point of each interval) 

'![ 

I J := I Q ■ 2 (intensity at each lower end point) 



In the graph below, Tis 10 and Iq is 40: 



40 



0 




0 t 70 

i 



As the software includes facilities such as the defining of 
series and integrals, it was possible to calculate 0 as a series: 

9:=Di'dt Q = 620.848 

i 
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The value of Q decreases as n tends to infinity. This fact 
was observed and discussed by the pupils. They agreed that the 
limit was a definite integral. In order to validate the assumption. 
Q was defined as an integral and / (t) plotted. 




Q = 572.57 



The last problem was an opportunity for students to deepen 
concepts related to linear regression while they were trying to 
find a mathematical model for another real world example. 

Besides a MathCad file [GROEI8). students were given, 
within a worksheet, print outs of the file and a copy of twelve 
photographs of a starfish. These photos were taken at twelve 
different moments of its development. In order to fill in both in 
the file and on the worksheet, students measured, in each 
photo, the length of an arm from the centre. The length, 
expressed in milimetres, was multiplied by two because the first 
values cire very small. 

There follows, on the next page, the first part of the file, 
followed by a student graph and the computer graph. 
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starfish 


date 


length 


i: 


= 1 ..12 


j := 1 ..2 


1 


25 Jun 


"10 




10 


0 




2 


28 Jun 


18 




18 


3 




3 


2 Jul 


36 




36 


7 




4 


10 Jul 


60 




60 


15 




5 


13 Jul 


72 




72 


18 




6 


17 Jul 

22 Jul ^ 


96 


M:= 


96 


22 




7 


180 


180 


27 




8 


28 Jul 


240 




240 


33 




9 


lAug 


320 




320 


37 




10 


17 Aug 


520 




520 


54 




11 


10 Sept 


660 




660 


78 




12 


28 Sept 


^1080 




1080 


96 





origin = 1 



<2> 



Number of days after the first measurement 



y := M Length 



1200 



100 0 



ilJL 



100 



student' s graph 



computer graph 
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The next step was to find out the line that best fits the 
distribution. Using the built-in facilities for linear regression, 
slope (xi, yi) - slope of regression line for data vectors and yi - 
and intercept (Xi, y^l it was easy to find the equaUon of the line. 

To illustrate this activity, a copy of the worksheet foll ows. 

slope (x,y) 



LII«IEAIRE REGRESSIE 



m 



b := intercept (x,y) 
rechte(x) := m-x + b 




De regressielijn heeft als vergelijking f (x)= 'fx?, f^-' _j 



BEST mn mmm 
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Concerning linear regression, one last question was 
proposed: 



Within a set of ten students, two written tests in 
mathematics and physics gave the following results: 

mathematics 7 5 6 3 8 10 4 6 9 4 

physics 7 4 7 5 6 9 5 5 8 4 

Write down the equation of the regression line. 

Wliat is the most likely result to be obtained in physics by 
a pupil who scored a 6 in mathematics? 

Again, this activity was performed with little or no difficulty 
as it is similar to the previous task. 

Students carried out these activities over three lessons. As 
stated before, not all of them were performing the same task. A 
fifth lesson was devoted to summarize the results. It was an 
opportunity to discuss and clarify the several issues 
concerning the problems. Every pupil was free to communicate 
her views to the whole class, results achieved and doubts in 
order to have some feedback from the colleagues and teacher. 

6. Conclusions 

Students had had some unsatisfactory work with 
computers in the previous year. Consequently, when 
computers were suggested as a tool for learning mathematical 
concepts, a lack of enthusiasm was noticed by the teacher. As 
the activities went on. the pupils* first opinion towards 
computers began to change. They were pleasantly surprised 
and although pupils felt that the methodology was not easier, 
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they found it appealing and worthwhile. The whole atmosphere 
during the lessons was pervaded by students* interplay and 
active work. In the last lesson, the discussion focused on many 
mathematical themes as well as their connections with real 
world phenomena. Students were able to discuss these Issues 
In a deeper way tlian usual, maybe because the computer was 
used as a tool, allowing the students to devote more time to do 
other activities rather than the monotonous computing 
exercises. 

This is confirmed by Gerda Timmermans. After the first 
lessons, pupils' speed of progression throughout the activities 
increased along with pupils' facility in handling the means to 
solve the problems. She also thinks that pupils had a better 
understanding about the concept' related to exponential 
functions, resulting from the methodology used during these 
lessons. Overall she thinks that the time spent doing the files 
had a very rewarding outcome. 

Besides Gerda Timmermans, no teacher tried these 
activities but several showed interest in using a similar kind of 
approach and are currently working towards this goal. 



1. Names and adiesfics of the teachers involved 



Case study 1 

Mai1a Jose Dclgado 
ESE de Lisboa 

R. Carolina Michaelis dc Vasconcelos 

1500 LISBOA 

Portugal 

Case study 2 

Jean Cesar 
2. rue sur la Cote 
25400 Arbouans 
France 

Case study 3 

Isabel Amorim 

E. S. D.Pedro V 

Estrada das Laranjelras 122 

1600 Lisboa 

Portugal 

Case study 4 

Adelaide Lister 
Rooks Heath High Sehool 
Easteote Lane, South Arrow 
Middlesex HA2 9AG 
United Kingdom 




Case study 5 

Manuel Saraiva 
Universldade da Belra Interior 
R. Marques d' Avila e Bolama 
6200 COVIUlA 
Portugal 

Case studies 6 and 8 

Adrienne Ashworth 
Hodgson High School 
Poulton-le-Fylde 
Blackpool. PT6 7EU 
United Kingdom 

Case study 7 

Leonor Cunha I^al 
ESE de Setubal 

Lugar da Estefanilha-Rua de Chaves 

2900 vSETUBAL 

Portugal 

Case study 9 

H. J. vSmid 

University of Technology 
Faculty of Mathematics 
Jullanalaan 132 
2628 BL Delft 
The Netherlands 
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Case studies 10 and 15 

ir^et Van Blokland 
Oeerdinkhof 561 
1 03 RK Amsterdam 
The Netherlands 

Case study 11 

Susana Carrelra 

Departamento de Educa?ao 

Faculdade de Clencias da Universidade de Usboa 

Av. 24 deJulho. 134, 4^ 

1300 USBOA 

Portugal 

Case study 12 

Kenneth Ruthven 
University of Cambridge 
Department of Education 
1 7 Trumpington Street 
Cambridge CB2 IQA 
United Kingdom 

Case study 13 

E. Cohors-Fresenborg 
Universitat Osnabruck 
Fachbereich Mathematik/Informatik 
45 Osnabruck. Postfach 4469 
Germany 




Case study 14 

Fulvia Furlnghettl 

Dipartlmento di raatematlca 

VlaA]berti4 

Genova 

16132 Genova 

ItaUa 

Case study 16 

Gerda Tlmmermans 
NVKSO 

Guimardstraat 1 
) 040 Brussels 
Belgium 
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2. list of software publishers 



Case study 1 

Sinclair Logo and LogoWriter are registered marks of Logo 
Computer Systems Inc. 

Case study 2 

INTERDIM is published by: 
IREM de Besan?on 

Faculte des Sciences et des Techniques 
Route de la Gay. La Bouloie 
25030 BESANCON CEDEX 
France 

Case study 3 

Logo Writer is a registered mark of Logo Computer Systems 
Inc. 

Case study 4 

Published by Cambridge Micro Software 
Netherall Software. Maths Topics 1. BBC Version 

Case study 5 

Logo.Geometria is published by: 
Gabinete de Estudos e Planeamento 
(a/c Dra. Maria de Lurdes Fragatelro) 
Av. Miguel Bombarda. 20. 4" 
1093 LISBOA CODEX 
Portugal 
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Case studies 6 and 8 

The Grass database and the Grasshopper spreadsheet 
{machine versions BBC. Master and RMNimbus) are 
available from: 

Newman College, Birmingham. United Kingdom 
Case study 7 

Trinca-Espinhas is a public domain software available from: 

Polo do Projecto Minerva do DEFCUL 

Av. 24 de Julho. 134 . 4^ 

1300 Lisboa 

Portugal 

Case study 9 

Program designed and published by: 
H. J. Smid 

University of Technology 
Faculty of Mathematics 
Julianalaan 132 
2628 BL Delft 
The Netherlands 

Case studies 10 and 15 

Graphic Calculus (Englisn, Spanish. French and Dutch 
versions) and VU-Dynamo (English, german and Dutch 
versions) are published by Walters -Noordhoff. Gronlngen 
and available from: 
VUSoft 

Geerdinkhof 561 
1103 RK Amsterdam 
The Netherlands 
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Case study 11 

Supercede IV was developed by the Micro products division of 

Computer Associates International and published by: 

Computer Associates 

2195 Fortune Drive 

San Jose CA 95131 

USA 

Case study 12 

A professional development pack will be published during 
1991: 

Ruthven, Kenneth (editor). Graphic calculators in Advanced 
Mathematics. National Council for Educational Technology, 
Coventry, United Kingdom 

Case study 13 

Registerraachine is available from: 
E, Cohors-Fresenborg 
Universitat Osnabruck 
Fachbereich Mathematik/Informatik 
45 Osnabruck. Postfach 4469 
Germany 

Case study 14 

I^tus 1 2 3 is a registered mark of Lotus Development 
Corporation. 

Turbo Pascal is a trademark of: 
Borland International Inc. 
4585 Scotts Valley Drive 
Scotts Valley. CA 95066 
USA 
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Case study 16 

Math Cad is a registered mark from: 

MathSoft Inc. 

1. Kendall Square 

Cambridge. MA 02139 

USA 
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Using Computers In Uathematics Education 

A collection of case studies 

Computers have been regarded for the last ten years as one of the 
most promising factors that can Influence education, and many projects 
both within the European Community and elsewhere have been carried 
out to study, in one form or another, their educational potential and 
ImpllcaUons. Quite sophisUcated invesUgaUons have been reported in 
mathematics education research Journals and congresses. Many 
proposals have been put forward in teachers* periodicals and meetings. 
But little is known about what is really happening in the field. What is 
going on in the classrooms? Are there many teachers actually using 
computers? What are they doing? 

This book is intended as a collecUon of significant and diverse 
classroom experiences concerning the use of computers in 
mathemaUcs education, at middle and secondary school levels. 
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